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I. INTRODUCTION 

The purpose of this work was to determine accurate mo­

lecular parameters for ethylene, isobutylene, n-butane, and 

n-heptane. Since the results of early electron diffraction 

and spectroscopic work on ethylene and isobutylene (l) are in 

conflict with some of the current ideas about the structure 

of molecules, it was felt that these two molecules should be 

checked by more accurate methods. In the cases cf n-butane 

and n-heptane, it was hoped that electron diffraction studies 

could determine the shape of the molecules since there has 

been some controversy (2-8) in recent years as to whether 

these molecules are fully extended or coiled. Also, it was 

hoped that the approximate barrier to hindered rotation about 

carbon-carbon bonds in the normal hydrocarbons and about the 

methyl groups in isobutylene could be determined. 

The history of structure determinations of gaseous mole­

cules dates back to 1915-1929 when P. J. W. Debye, Bewilogua, 

and Ehrhardt (9, 10) obtained the first results of diffraction 

experiments performed on gas molecules with X-rays. At about 

the same time Davisson and Germer (11) demonstrated experi­

mentally the wave nature of electrons. Shortly after the wave 

nature had been shown, Mark and Wierl (12) obtained crude 

structural parameters of a gas molecule by electron scattering 

experiments. 

As a result of the application of quantum mechanics to 
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the ideas that had been formulated on the scattering of X-rays 

and electrons, a rigorous mathematical scattering theory was 

developed (13). These ideas, coupled with the theory, in­

dicated that X-rays see only the nebulous planetary electrons 

around the nuclei of each atom while the electrons see the 

nuclei of the atoms screened by the planetary electrons. 

Therefore, X-rays determine nuclear positions only indirectly 

by determining the shape of the electron cloud, whereas 

electrons actually give a direct measurement of nuclear posi­

tions. In the case of electrons, the ratio of elastic to 

inelastic scattering approaches the atomic number of the atom 

from which the scattering takes place as the scattering angle 

is increased. With X-rays this ratio goes to zero as the 

scattering angle is increased. This last difficulty, to­

gether with the smaller wave lengths used with electrons, 

makes electron diffraction a more suitable tool for disclosing 

the structure of gas molecules. However, electron diffraction 

has a disadvantage due to the rapid decrea< in intensity that 

makes it difficult to obtain accurate intensity measurements. 

The theory of electron diffraction indicates that the 

scattering which determines the molecular parameters appears 

as small sinusoidal oscillations about the smooth rapidly 

decreasing atomic scattering. By using low contrast photo­

graphic plates Mark and Wierl (12) were able to correlate the 

apparent maxima and minima on the photographic plates with 
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theoretical intensity curves. To do this, the relative in­

tensities and positions of the maxima and minima were 

compared with a series of theoretical curves computed from 

various trial structures of the molecule. The model in best 

agreement with the experiment was then chosen as the most 

probable structure of the molecule. Although Mark and Wierl 

originated this method of structure determination, Pauling 

and Brockway (llj.) were responsible for a major part of its 

refinement and use in structure work. This method was termed 

the visual method because of the way in which the relative 

intensities were obtained. The visual method's great ad­

vantage was its speed. In fact by 1936 some one hundred and 

forty different molecules had been investigated by the 

method (15)• 

Before 1932 the theory had only been worked out for mol­

ecules that were assumed to be rigid frameworks of scattering 

centers. It had also been assumed that all the electron 

scattering that occurred from a molecule was elastic. James 

(l6) was able to show how to modify the scattering equations 

so that thermal motion could be accounted for. The contribu­

tion to the total intensity from inelastic scattering was 

taken into account by Morse (1?) and Bewilogua (18) in their 

work on the X-ray incoherent scattering factor, but the ex­

periments were still too crude to measure accurately the 

effects of all the new contributions to the theory. In 1935 
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Pauling and Brockway (19) introduced the radial distribution 

function, which was the Fourier sine transform of the molecu­

lar scattering intensity. This too was crude since the 

intensities were estimated visually and only at the maxima 

and minima of the molecular intensity function. 

It was not until Finbak (20) and P. P. Debye (21) 

performed the first rotating sector experiments that objective 

measurements of intensities were obtained rather than visual 

estimates. A rotating sector was used so that the recorded 

intensity was in the useful range of response of the photo­

graphic plate. The sector was a thin cardioid shaped plate 

which was spun parallel to and slightly above the photographic 

plate. With the photographic records of sector experiments 

it was possible to use with some precision recording micro-

photometers to measure the experimental intensities. A 

technique developed with unsectored plates by Degard, 

Pierard, and Van der Grinten (22) was used with sectored 

plates which were spun to average out emulsion errors while 

the microphotometer recordings were being made. 

Almost simultaneously, improvements were being made in 

the radial distribution method. Degard (23) suggested that 

an artificial damping factor be used to minimize integral 

termination errors in the Fourier inversion technique. By 

lçij.0 Walter and Beach (2l|_) had suggested an analytic method 

for improving radial distribution curves, and Spurr and 
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Schomaker (25) had employed I.B.M. machines to compute radial 

distribution curves from visually estimated intensities at 

many points along the theoretical scattering curve. 

In the years that have followed, an almost completely ob­

jective procedure for the determination of molecular structure 

has been devised. The problems involved in making electron 

diffraction a precise tool for structure determination have 

been investigated by P. J. W. Debye (26) and Harvey, Keidel, 

Bauer, Coffin, and Hastings (27-30) at Cornell University, 

C. Finbak and Hassel and Viervoll (20, 31) at the University 

of Oslo, Norway, I. L. and J. Karle (32-3J4.) at the Naval 

Research Laboratory, L. S. Bartell, L. 0. Brockway and 

R. Schwendeman (1, 35-^-0) at the University of Michigan, 

Y. Morino, K. Kuchitsu, T. Shimanouchi, A. Takahashi, and 

K. Mae da {lj.1, k-2) at the University of Tokyo, Japan, and 

Schomaker and Glauber (^.3, ijij.) at the California Institute of 

Technology. It appears, however, that there are still many 

unsolved problems in this field. 

The more recent work in electron diffraction, in this and 

other laboratories, indicates several directions which future 

electron diffraction investigators may take. As in the past, 

electron diffraction will continue to be an important means of 

accurate structure determination. Precise bond distances and 

vibrational amplitudes will be obtained (i|_5) as well as 

approximate barriers to hindered rotation (I4.6) . In addition, 
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studies of electron distributions in atoms by means of elec­

tron diffraction are possible (i|0). Some recent work done in 

this laboratory indicates the possibility of determining 

qualitative differences between the form factors for spherical 

atoms and those for bonded atoms. It may also be possible to 

study vibrational amplitudes involved in hindered rotation as 

a function of temperature (I).?, ij.8). These advances and possi­

bilities for the future are a direct consequence of the 

ability to obtain more accurate experimental intensities. 

Perhaps the most important advance in the interpretation of 

electron diffraction data has been brought about by the 

development of high speed digital computers. By using these 

computers it is now possible to use more exact theoretical 

expressions and more powerful methods of analysis in the 

interpretation of electron diffraction data. 
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II. THE THEORY OF ELECTRON DIFFRACTION 

A. Derivation- of the Intensity Function 

Two main theoretical approaches have been used in explain­

ing the observed intensity of electrons diffracted by atoms. 

The kinematical theory assumes that every infinitesimal element 

of volume of the atom scatters under the influence of the in­

cident beam only. The total amplitude is then obtained by 

summing up the amplitudes scattered from all the various 

volume elements, taking account of the difference in phase due 

to the different positions occupied by the volume elements. 

This method is valid as long as the scattered intensity is 

much weaker than the intensity of the incident beam. The 

other approach is the method of partial waves, which has been 

applied by Hoerni and Ibers (I4.9, 50) to the problem of 

electron scattering by atoms. This method gives a more 

rigorous solution to the atomic scattering problem than does 

the Born approximation or kinematical approach. For instance, 

the kinematical approach does not take into account correc­

tions due to a shift in phase of the incident wave whereas 

the method of partial waves does. 

For molecular scattering the simplest method of attack 

is to assume that the total scattered amplitude from a mole­

cule in a rarefied gas is the sum of the amplitudes scattered 

from the individual atoms in the molecule. A more rigorous 
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starting assumption would lead to a more complicated formula­

tion of the theory. This complication does not seem warranted 

since the above assumption leads to a theory which seems to 

correlate very well with the experimental results as long as 

the atoms in the molecule do not differ greatly in atomic 

number. If the scattered amplitudes from the atoms are 

computed by the method of partial waves, the resultant molecu­

lar scattering theory is termed pseudokinematical by Hoerni 

(5D • Use of the kinematical atomic amplitudes to compute the 

molecular amplitude is referred to as the molecular kinemati­

cal theory, and it has been shown by Hoerni (5l) that there is 

little difference between the results of the two methods of 

approach to the molecular problem. Since the kinematical the­

ory is mathematically simpler, it will be employed here. 

The time independent Schrodinger equation may be put in 

the convenient form for scattering problems 

(1) ( V 2 + k2) V ( "r ) = 2 m V( r* ) ̂  ( ~r )//&2 = U( r ) , 

where 

k = /2m 2 / -6 « 

If ̂ (~r ) and U(~r ) are both expanded in eigenfunctions of 

the operator (v2 + k2), where the eigenfunctions are box 

normalized then, 

(2) f ( ~v ) = anun ( ) 
n=o 
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c*> 

and U(r) = ̂  b vt^ [~r ) 
n=o 11 11 

where the u%( r ) form a complete normalized orthogonal set, 

the an are to be determined, and the bn are defined as below: 

(3) b^ = 2 m J d^x1 V( ̂  ) y ( ~r') u^( ~r')/-ft2 . 

The notation J" d^x1 or J d^x refers to an integration over 

all space. The original eigenvalue equation (1) can now be 

written 

. 2  .  ,  2 ,  
(W 5*0 an( V + k ) UnC r ) = ̂  bn Un( r ) , 

but since the un( "r ) are eigenfunctions of the operator, 

( v2 + k2), such that 

(5) ( V 2 + k2)un( ~r ) = ^nUjjCr ), 

then substitution into equation (i+) gives 

5*0 (&n\i - bn)un< ) = °* 

Since the un( ) are linearly independent, the coefficients 

an̂ n - bn must all vanish. Thus 

in = bn /X n> 

and, by substitution, it is possible to formulate the integral 
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equation for scattering 

(7) ( "£)sc. = 2m| d-^x' V ( ~~r ' ) Y ("r' ) 

i^( "r* ) un( ~r)/ A nft2 , 
n=o 

<wB 
where u£( ~r' ) un(~r) / X n 3-s a Green's function denoted 

n=o 

as G( "r ' , 1? ). Here it should be noted that ("r)Sc. a 

particular solution of the inhomogeneous equation (l) and 

represents the amplitude of the scattered wave if G(~r',~r ) 

is chosen for an outgoing wave. A general solution of the 

homogeneous equation 

( V 2 + k2) Y ( ~r )G = 0 

is given by ^ )0 = eik-r 

The complete solution of the Schrodinger equation for the 

scattering problem is made up of a particular solution of the 

inhomogeneous equation plus a general solution of the homo­

geneous equation. If we choose the incident beam to be 

composed of plane waves in the z direction, then 

*<1? )0 = elka 

is the plane wave solution of the homogeneous equation for 

an incident monochromatic wave coming from the left. The 

complete solution is then 
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(8) Y (r) = Y (r)Q + y (r)SCi = elkz + 

2m J d^ x ' V(r' ) 4^ (r' ) G (~r',~r) / 

The value of the Green's function G( r',~r) for a scattered 

wave may be obtained from Mott and Massey (52) or Morse and 

Feshbach (53) • For the scattered wave, it is -e^' r-rIl / 

I4.TT ) "r-r ' I . For atomic scattering the potential V ( ~r ' ) 

falls off rapidly with distance so that the potential is es­

sentially zero at the point at which the intensity of the 

scattered wave is to be measured. Because of this, it is pos­

sible to expand |"r - r' | to r - (r • ~r'/r ) in the phase and 

l"r - "r11 to r in the denominator. This gives 

(9) Y (^)sc. = " meila? J" d^x' V(r ' ) Y(^' ) r "r r/r/2TT'fL2r , 

where /6k( ~r/r) is the momentum of the scattered wave. If 

= elkZ» - m8lkrJd3X'»(p')y(r')1ik?'''/721lA , 

then to good approximation ̂ (r') may be replaced by ̂ (r1)Q. 

This is known as the first Born approximation and is general­

ly valid if 

V( "r ' )« Eo , 

where E0 Is the energy of the incident beam. The second Born 

approximation would be obtained by letting 

) = Vol?') + Y C*')sc. 1 
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where ly ( 1 ) sc is determined by the first Born approxima­

tion. 

For the first Born approximation, 

(10) Y C^) sc = - meikr Jd^x'Vfr' )ei(k-k(r/r) ) ^2r 

and )Tc - k( ~r/r) | = I4.TT sin (9/2) / X = s, 

where X is the wave length of the incident wave and 9 is the 

scattering angle. The scalar s will be called the scatter­

ing variable, and it should be noted that is the change 

in momentum.of the scattered beam. So far, of course, we 

have only been considering perfectly elastic collisions. If 

V( r') is a spherically symmetric potential, equation (10) 

may be further reduced to 

(11) Y ("r)Sc.= -(2m e^^y /h2r) dr'r'2V(r') sin sr'/sr' 

It is of interest to express the scattered amplitude in 

a form analogous to that used in X-rays. To do this, it is 

convenient to introduce the charge distribution ( r) such 

that 

(12) V( "?•) = e2 J d^xyO ( ™r ) An j ~r1 - "r j 

In order to introduce the charge density into the 

scattering equations, it will be convenient to make use of the 

folding theorem of Fourier integrals (5W• This theorem says 
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that the product of the Fourier transforms of two functions 

g(x) and f(x) is the Fourier transform of the integral of the 

products. In the case we are considering here, this results 

ln f 
(13) e2jd3x^ id3Xei= • l?-?''An 

= ( d3x'V(r') eis*r' . 

It should be noted that J d^x( 1/ \ ~r-5 ' \ ) e^ 3 * (r ~ r') t 

where d3x refers to the integration over all ~v - ™r1 space, 

is easily evaluated (52) as lj.Tï/s2. Substituting this result 

in equation (13) gives 

( lW J d̂ x'V( ~r ' ) e ŝ -r = e2̂ | d^x'y^ (~r')e Ŝ r /s2 

It is of interest to note that -l/j+Tï l~r -~r' ( is the Green's 

function for a coulomb potential. Our scattered amplitude is 

now reduced to 

=-?m„2 .ikr^ 
sc. (15) Y (?)«n =-2me2 elkr d^x' (~r ' )eis*r /^ii2s2r 

We will now assume an atomic charge distribution of the form 

/? (~r" ) = -Z J ( ~? ) + /^el. ) » 

where ̂  ("i?" ) is the Dirac delta function (55) defined by the 

properties $ ( H? ) =0 for r / 0 and J d^x £~ ( ) = 1 while 

/^1#( r ) stands for the probability density of the 

planetary electrons in the atom. Substituting this into 
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equation (15) gives 

(16) Y(^)sc.= 2me2elkr/Z 

J"d^x,j/^i (r! )eis *r__/ / -&2s2r 

If one assumes that the distribution of electrons in the atom 

is spherically symmetric, then, using this fact with the 

definition of the £ -function, equation (16) reduces to 

(17) f(?)gc = 2me2eikr(Z - F(s)) / <&2s2r , 

where F(s) is given by the equation 

.r* (18) P(s) = J dr I4.ÏT (r) sin sr/sr 

Here P(s) is the X-ray atom form factor for the elastic scat­

tering of X-rays. The scattered intensity for electrons is 

then given by 

(19) I ̂  4m2 6^(2 - F(s))2 / , 

whereas the X-ray elastic scattering intensity is proportion-
p 

al to P(s) . This points out the fact that electron scatter­

ing is nuclear scattering screened by the planetary electrons 

while X-ray scattering is due to the planetary electrons. In 

the proportionality (19) an equality sign could be introduced 

where the necessary proportionality constant would be the 

product of the intensity of the incident electron beam and the 

number of atoms per unit area exposed to the beam. 
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Next we consider the problem of scattering from a fixed 

framework of rigid atoms. To do this, it is assumed that the 

total amplitude of the scattered beam observed at some point 

is just the sum of the amplitudes scattered from each atom in 

the framework. If the charge distribution is assumed to be 

E: Air') 
3=1/ J 3= 

N _ N r » rn. 
(20) x?(r ' ) = £ Atr') = ̂ /^Z . d (r '-r-j) + 

3=1/ J 3=1 3 J 

el. <r' " V -

then equation (1?) reduces to 

N 
(21) Y(r)sc = ̂ ->2 me2eikr(Z .-P.(s) îe1 S ' r3/4i2s2r 

3 J 
* 

3=1 

where the sum is over all the atoms in the rigid framework 

and Fj(s) is the X-ray atom form factor for the j**1 atom. If 

the intensity is now computed, remembering the proportionali­

ty factor, which depends on beam intensity and sample 

concentration, the result is 

(22) I = (NI_) Lpn^j (Z.-F^xs))2 + ÉL (Z.-F.(s)) 
j J jk J J 

(Zk--: ">( s) )e* s * r jk / ̂s^r2j 

The primed summation indicates that terms are omitted for 

which i = j. Here N is the number of molecules per unit area 

exposed to the beam and IQ is the intensity of the incident 

beam. The summation of (Zj - Fj(s))2 is, of course, due to 

scattering from the individual atoms. The vector 
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P jk rj " Pk 

in the second term, is the distance between the j^*1 and k^ 

nuclei, and it is this coherent phase relation that makes it 

possible to determine internuclear parameters. 

In equation (22) only elastic scattering has been con­

sidered. Thus, to improve the theory, it is necessary to 

include a correction for inelastic scattering. Morse (17) 

has shown that for inelastic collisions of fast electrons 

with an atom of nuclear charge Ze the intensity is 

(23) I = IqN s )/ ̂-s^-r2 , 

and 

S(s) = ZS'(s) , 

where S1(s) is the factor tabulated by Bewilogua (18) and 

S(s), is referred to as the X-ray atom form factor for in­

elastic scattering. For a light atom such as carbon, the 

inelastic intensity is roughly sixteen per cent of the 

elastic atomic scattering intensity at large s although it 

is greater at small s. If equation (23) is added to equation 

(22), the result is 

(2k) IT = IqN Um2 eV^(( Z j -F ̂(s ) )2 + Sj(s)j + 

^(Zi-Fi(s))(Z.-F-(s))e 3 I>ij_7/'ïW+r2 . 
ij J J 
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In Equation (2l|_) the molecules or rigid framework of atoms 

may be averaged over all possible orientations to give for 

the intensity contribution from the primed summation 

(25) Im = IqN Z1-Fi ( s ) ) ( Zj -F J. ( s ) ) sin sr^/s r±jJ/ 

S^s^r2 . 

A molecule is actually not a rigid framework, therefore, 

the intensity must also be averaged over distributions of 

internuclear distances. Thus 

(26) <Im>av.= I0Nipn2e^/~^:/(Zi-Pi(s))(ZrP;j(s)) 

_fdr ij-TTr2̂ . .(r) sin sr/sr_/ / 
o 

It should be noted .that for a diatomic molecule at tempera­

tures not too great 

o 
J+TTr1 /> 0 (r ' ) = Y (r1 ) Y (r' ) » 

z i j o o 

where lp^(r ') is the radial part of the nuclear vibrational 

wave function for the lowest state. Equation (26) may be in­

corporated into equation ( 2L\.) giving 

(2?) IT = NI 0km2e^r^ 1 (Z j"Pj( s) )2 + S.(s)] + 

( Z. -P. ( s ) ) ( Z . -F . ( s ) ) J dr?ii(r)sin sr/sr J/ 
ij o J 
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where 

P±j(r) = l+ïTr2 /^-(r) . 

As noted above, P^j(r) dr is the probability that the separa­

tion of the i^ti and jth nuclei is between r and r + dr. 

Equation (27) as written above is the equation that is used 

in the analysis of diffraction patterns in this laboratory. 

B. Derivation of the Radial Distribution Function 

The last term on the right of equation (27) contains the 

Fourier transform of the probability, distribution of nuclear 

separations P^j(r). It is of interest to be able to obtain 

P^j(r) as a function of the experimentally measurable 

intensity lip. If equation (27) is rearranged into the sug­

gestive form 

(28) (Zi-Fi(s))(Zj-Pj(s))/2C{ (Zk-Pk(s))2 + Sk(s) } -7 

r°° 
JdrPii(r) sin (sr)/sr = /^'•h^r^I^/ 
o J 

lj.IGNm2e^ ^ { (Zk-Fk(s))2 + S%(s)] j - 1 

It is easily seen that the Fourier sine transform of the quan­

tity on the left would give the desired probability distribu­

tion of internuclear distances if the coefficient of the 

integral were independent of the scattering variable s. Two 



www.manaraa.com

18 

new quantities M(s) and M(s)c may be defined as 

(29) M(s) = (Z/(Zi-F1(s))(Zj-P;j(s))/^ ̂ (2k-Fk(s))2 + 

f 00 

Sk(s)^ ) j  drPij(r) sin (sr)/sr 

and 

/ 2 ç00 

(30) M(s) = (âL Z±ZJ^ (Zk+Zk)) J drPii(r)sin(sr)/sr . 
ij J k o J 

Here Z.Z ./ (zF + Zk) is the limit of (Z* -F. ( s ) ) ( Z • -F . ( s ) / 1 J  ̂ 1 1  X - L  J j 

IF' I ̂ k-Fk( s ) )2 + Sk( s )^ as s goes to infinity. The 

Fourier sine transform of equation (30) is 

f00 / 2 
(31) J sM(s)c sin (sr)ds = Tï(Z Z^ZJ£^ (Zk+Zk) )?±Av)/2v , 

o ij k 

where the quantity on the right is referred to as the unmodi­

fied radial distribution function and is conventionally 

denoted by D(r). It can be seen from equation (31) that D(r) 

must be nowhere negative because the probability P^j(r) 

cannot be negative. This, coupled with the fact that M(s) is 

not significantly different from M(s)c over most of the range 

of the scattering variable, allows us to get an approximate 

D(r) function using M(s) rather than M(s)c in equation (31). 

If a sector is used in obtaining the experimental 

intensity, the intensity obtained, Ip, is proportional to 

T' ~ 4" snIm, where n is usually between two and four. In order to 
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obtain M(s) from this intensity, it is necessary to determine 

a function B such that 

This B function is determined by an iterative procedure in 

which an arbitrarily chosen B function is successively modi­

fied so that the resultant D(r ) function is nowhere negative 

and B is smooth enough to keep false detail from being intro­

duced into D(r). With the parameters obtained from the D(r ) 

function, it is then possible to compute theoretically 

M(s)c-M(s) and add this to the experimental M(s). This, in 

effect, reduces the experimental M(s) to an experimental 

M(s)c by correcting for the non-nuclear scattering. The 

radial distribution curve derived from the corrected M(s) 

function with the use of M(s)c data at small s is the curve 

from which final parameters may be obtained. It is still 

necessary, however, to specify the form of the function 

Pjj(r) if theoretical intensity curves are to be computed. 

Two possible approximations will be considered here. 

1. Gaussian distribution of internuclear distances 

Assuming the nuclear potential to be that of a simple 

harmonic oscillator, the distribution function is 

(Ip/B)-1 = M(s) . 

(32) Pi5(r) = (1/ /2ÏÏ i±j)e 

where 
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x1;J = r - rij . 

Here is the root mean square amplitude of vibration and 

rj is the most probable distance between the i^h and j^h 

nuclei. If this definition is used in equation (29) or (30) 

and the integration carried out, the results to first order 

corrections in the argument of the sine in M(s) and M(s)c 

functions are 

(33) M(s) = ( ̂,(Z.-F1(s))(Z.-F.(s))/^: î (Z,-F, (s))2 + 
ij 3 J k 1 K K 

-Jl-2- s2 
Sk(s) j )e ^ sinZs(rij-/ij/rijJ7/sri;} 

and 

_/.2 g2 
(34) M(s)c = (^Z±ZJ^ (Zk+Zk))e y-— 

ij J k 2 

2 
sin /i(ri3 /Sr±j . 

Here corrections to the amplitude have been neglected. It is 

now possible to give several definitions of bond length in 

the Gaussian sense. The maximum and center of gravity of 

the j(r)/r peak are given as 

rm(1) = 

and 
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rg(!) rij " Jl 1 j/rlj 

respectively. The maximum and center of gravity of the 

j(r) function by itself is 

respectively. Here rm(n) denotes the position of the maximum 

value of the Pj_j(r)/rn function and Tg(n) denotes the center 

of gravity of the same function. It should be noted that r^j 

is also the position of the minimum of the potential function. 

One other possible means of defining an internuclear 

parameter would be as the average value of r-̂  defined as 

This last definition corresponds closely with that used in 

spectroscopy. In this laboratory bond distances are reported 

using the nomenclature rm( n) and rg( n) . It is important that 

the particular definition of bond distance used be specified 

since discrepancies arising from using different definitions 

may amount to as much as one hundredth of an angstrom unit. 

Since actual P^j(r)/r peaks in an experimental D(r) function 

are not exactly Gaussian, there is a limit to how well the 

and 
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peaks may be characterized by the Gaussian approximation. It 

has been shown for diatomic molecules (l}-5) that differences 

as large as .008 of an angstrom may occur between the center 

of gravity and the maximum of the radial distribution peak. 

To characterize P^j(r)/r peaks more accurately, it is neces­

sary to consider a more accurate description of P^j(r). 

2. Distribution of internuclear distances based on the 

Morse potential function (lj-5) 

The Morse potential function is given as 

(35) V(r> =De-2all"pe)- 2De"a!r"re) , 

where D is the potential energy at the minimum, re is the 

distance from the origin to the potential minimum, and a is 

an asymmetry constant. The ground state wave function for 

this potential is 

(36) ̂ Q(r) = Ke-ZTa/2)(l/i2a2-l)(r-re)+(l/2 2̂a2)e a(r-re)j7 ̂ 

where K is a constant and Jl is the root mean square amplitude 

of vibration. If the substitution x = r - re is made in 

equation (36), the probability distribution PQ(r) is computed 

as 

(37) P0(D- K Vr(l/A2)-l)axMl/A2);aX-7 _ 

p 
Next, expanding the exponentials and neglecting terms in x 
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and higher powers of x than x^ gives the approximate normal­

ized result 

(38) PQ(r) = (1/ /2ÏTyf ) (l+ax+ax^/6>^ 2)e X 

Here the neglected terms would correspond to a correction in 

the maximum or center of gravity of PQ(r) of about 10"^" 

angstroms. 

The position of the maximum of the function PQ(r)/rn 

designated as rm(n) is given by 

(39) rm(n) = re + a 2̂ - (n 2̂/re). 

The center of gravity of the function PQ(r)/rn is 

(ij.0) rg(n) = re + (3aJ?2/2) - (ni2/re) 

and the average value is 

l/n 2 2 
(ij.1) <((rn) y = re + (3a £ /2) + ((n-l)l /2re) 

' Av. 

These results have been derived for diatomic molecules, 

but to fairly good approximation they may be used for terminal 

bonded distances in polyatomic molecules. For non-bonded 

distances, however, this approximation is not usually ap­

plicable since the potential well has not yet been well 

characterized and since the bending modes are frequently not 

in zero point vibrational states. Actually, if the asym­

metry constant a is allowed to become an arbitrary parame­

ter characterizing the asymmetry of the P^j(r) peaks, then 
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equation. (38) may be generalized, for polyatomic molecules. 

If the PQ(r) for a diatomic molecule is substituted in 

equation (30) and the integral evaluated keeping only terms 

important to the first order correction in the argument of 
t 

the sine, the result is 

(ij.2) M(s) = (Z1Z2/^f(Z^+Zk) )e~^ S sln{3/v Q+^>{ sYJ)/s?0 , 

where 

(43) /> (s) = a X2- { J[2/r0) + (a 2/2)(l - s2A 2/3) 

for s^ 3//f 2• This result may be generalized to 

/ 2 -.<̂ s2/2 
(W M(s)c = (^.Zj^Z j/^.(Zk+Zk) )e J sin/s(rij.)+y îj( s)J7/ 

^i] ' 

where 

(1(5) = ) = aij/ij-/îj/ri]+(aij^ij/2)(l-s2/ij /3) -

This expression may be used for terminal bonded distances as­

suming that the asymmetry constants a^j are the same as 

those in diatomic molecules, which generally have a value of 

two for a . There is also the further possibility of using 

a least squares technique to fit the above theoretical expres­

sions to experimental data where the a. i. ., and r. • are all 
i J «*• J «i- J 
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parameters to be determined. 

It is convenient to define the radial distribution func­

tion f(r) as 

(14-6) f(r) £ maxs g(g)^ e-bs sin (sr)ds , 

2 
where the factor e~ ŝ is a combination damping factor to 

prevent integral termination errors and weighting function. 

The weighting function is important since there is a larger 

error in the experimental sM(s) at large values of s than 

at intermediate values. The constant b is often chosen so 

-bs^ that e = 0.1, where s = 30. 

Substituting equation ( 30) into equation (ij.6) and 

replacing the variable r in equation (30) with yto gives 

(1+7) f (r) = (^ ZjZ •/£](Zk+Zk) )[&/>[ mdsyo 1Pi 1 ( a) sin (sr) 
ij 1 J k K K o/Jo ij /-

sin ( s y; ) e 
-bs^ 

Integrating over s and remembering that the use of an 
2 

adequate e™*33 function makes the upper limit smax effectively 

infinity gives 

Cx3 2 
2 

(lj-8) f(r) = (^,ZiZJ./|:(Zk+Zk))/n75b J/» ?ij(^)e ^ 
-1 - ( r ) ' 

— 

Substituting P@(r) from equation (38) for P^j() and 
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integrating gives 

i k -9 )  f ( r )  =  ( l /A^T I fT )  Z"^ (Z i Z, /^ , (Z k +Z k )_7  (1 / r i j )  
i j k J 

-(r-ri-)2/^/^ r -1 z 2 
e jl+(&ij-rij)// ij(r-rij) 

•(2b+/ij) + aijb(r-rij-) (ab+^j) 

+ aij/fi4(r-rij)^(2b+^^) ̂ /6 j . 

Equation (lj-9) is useful in computing anharmonicity correc­

tions. If the small contributions to f(r) due to the terms 

containing a^j are computed separately for terminal bond 

distances and subtracted from the experimental f(r) function, 

the result is a sum of pure Gaussian peaks and is simpler to 

evaluate by a least squares technique. 
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III. COMPUTATIONAL PROCEDURES 

In order to analyze diffraction data rigorously in the 

determination of molecular structure, it is necessary to have 

rapid methods of computation available to compute intensity 

and radial distribution functions. In this laboratory the 

calculation of the furetions was programmed for the I.B.M. 

650. 

A. Theoretical Intensity Function 

A program was written and coded for the functions 

(50) M(q) = (Z.-F-tq) )(Z ,-F ,(q) )/^f(Zk-Fk(q) )2 

ij J J kC 

? -? -^^T2q2/200 
+Sk(q)j_7e J /sin(ITqrij/l0)7/TTqri ./10 

and 

(51) M(q) = (^Z.Z ./g(Zk+Z, ))e 
c ij 1 J k K K 

' 3/*(Àz.n ,̂,2q2/200 

/sin (TTqrij/l0^7/TTqr1j/l0 . 

The details of the program are given in Appendix A. The 

purpose of the program is fourfold. First, M(q) is computed 

at integral q values over the entire experimental range, where 

q = 10 s/TT 
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and 

s = (ij.IT/ ,X ) sin (6/2) . 

This is useful as an aid in drawing background functions 

through the experiment with various theoretical models. It 

also aids in the computation of radial distribution functions 

by providing M(q)c data to graft onto experimental data at 

small angle scattering, where experimental data are not avail­

able. The function M(q)c can be computed to any desired 

value of q so that it may be used to correct for integral 

termination effects. The difference M(q)c-M(q) is also 

tabulated so that it may be added to the experiment to correct 

the experimental intensity to pure nuclear scattering. As an 

added guide in determining the background function, the 

program makes available the function ̂  ̂ ̂ k-Fk^ ̂ 

+Sk(q)J /q computed at integral values of q. It takes the 

I.B.M. 650 about sixty-eight seconds per term in the primed 

summation to compute one hundred values of each of the four 

quantities M(q), M(q)c, M(q)c-M(q), and (Zk-Fk(q))2 

+ Sk(q)j /q. 

B. Radial Distribution Function 

The expression 

2 
(52) f (r) = ( TT2/100) J q maqM(q)ce aq sin ( 2TTqr/20)dq 
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is programmed on the I.B.M. 650 to compute the radial 

distribution function f(r) at .05 angstrom or .025 angstrom 

intervals. Two programs have been coded with different aims 

of operation. The first evaluates f(r) at .05 angstrom 

intervals and then evaluates the function 

at integral values of q, where rj represents the distance 

from the origin to the beginning of the first molecular 

feature and BQ(q) is the old background function. The 

B^(q) function is an improved background function for which 

the corresponding f (r) function has the absolute value of its 

spurious features reduced in the region zero to r^. In 

practice, a smooth curve is drawn through the B^(q) points to 

obtain a new background. This procedure is often observed to 

improve other regions of the f(r) function as well as the 

region from zero to rj. Since f(r) is a probability function, 

a background function must be chosen so that f(r) is nowhere 

negative. At the same time, however, the background function 

must be smooth so that false detail is not introduced into 

the f(r) function. The evaluation of the function BN(q) in 

this program is thus an aid in determining a final radial 

distribution function. Also, in this program experimental 

values of M(q) and M(q)c may be obtained if desired. Details 

of this program are contained in Appendix B. 

(53) BN(q) = Bo(q)/l+(TT3/200) r) sin (2TTqr/20)dr 
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The second radial distribution program, which evaluates 

f(r) at .025 angstrom intervals, is used to obtain an accurate 

representation of f(r) once the smoothness and positive area 

requirements are met. This f(r) function is used as input data 

for least squares analysis of individual radial distribution 

peaks. The program is discussed in Appendix G, and techniques 

for interpreting radial distribution functions are discussed 

in the next section. 

G. Analysis of the Radial Distribution Function 

Two basic problems in the analysis of the radial distribu­

tion function are the deduction of the molecular parameters 

and the estimation of the reliability of these parameters. 

The problem of obtaining molecular parameters can perhaps 

best be approached by application of a least squares method 

for fitting the part of the radial distribution function which 

can be characterized by a summation of Gaussian functions. 

The parameters obtained for the calculated function giving the 

best fit are approximately the r (1) and parameters de-
© -L J 

fined previously. If it is possible to make complete asym­

metry corrections to a radial distribution peak then the 

parameters obtained from a least squares fit with a Gaussian 

peak can be directly related to the rg(1), rm(1) and ̂ j 

parameters. In the case of internuclear distances involved in 

internal rotation, however, the radial distribution peaks re-
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fleeting the effect of this motion cannot be meaningfully 

characterized by Gaussian functions. Therefore, for a complete 

analysis of a radial distribution function with internal rota­

tion special methods must be employed. When final molecular 

parameters are obtained some estimate of their reliability 

must be made. A detailed discussion of these problems is 

presented below. 

1. Methods for obtaining parameters from the radial 

distribution function 

There are several methods for the dissection of any part 

of a radial distribution function not involving internal rota­

tion. Trial and error curve fitting, the method of moments, 

and various methbds of least squares have been used (56). In 

this laboratory the method of steepest ascents for the solu­

tion of the least squares problem has been used successfully. 

The basic problem is that of finding the maximum of the 

function (57) 

Y<ei> =(-1/2)21U(r)exp - f(r,8i)calc)2 • 

Here f(r)eXp is the value of the experimental radial distribu­

tion function and f(r»9i)Calc is the calculated value of the 

radial distribution function where the 0^ (i = 1, ...N) 

parameters include a scale factor k, internuclear parameters 

- r^j, and root mean square amplitudes of vibration - J^ij • 
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The summation is made at 0.025 angstrom intervals. If the 

function Y(Q^)(i = 1, ...N) is thought of as determining a 

surface in an H + 1 dimensional space, the set of estimated 

parameters 6? (i = 1, ...N) determine a point on the surface 

on the contour line Y(0^) = Y(6?). Another point on a dif­

ferent contour line is determined by the set of parameters 

1 o \ o 
©i = 9± + Ait (i = i, ...N) 

where the X£ are the components of the gradient of 

Y( 9^) (i = 1, ...N) evaluated at the point 6°, (i = 1, ...N) 

and t is a parameter chosen so that it maximizes Y(9i). 

Geometrically this corresponds to a move in the N + 1 dimen­

sional space from the point 9°(i =1, ...k) on the line 

Y(0^) = Y(6?) in the direction of steepest ascent to the point 

0^(i = 1, ...N) on the line Y(©i) = Y(0^). A similar process 

may be repeated to get to a point 9^2(1 =1, ...N) on the line 

Y(©i) = Y(©i^). Continued iteration will eventually lead to 

the extremum. Methods for arriving at suitable values of t 

for the refinement of the 0^ and a program for the application 

of the steepest ascent method to the dissection of f ( r )eXp 

functions using a digital computer are given in Appendix D. 

In practice the method is applied assuming that 

f(r)QXp can be approximated by a sum of Gaussian functions 

with weighting factors proportional to the product of the 

atomic numbers of the atoms involved in each internuclear 
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distance. It would be possible to use this same method to 

characterize f (r )ez-p peaks using a more general function in 

which a parameter to characterize the asymmetry is added. 

The method easily resolves peaks of roughly comparable areas 

that are about 0.2 angstroms apart. At the extremum the 

average deviation per point has been found to be about of the 

same magnitude as the observed noise level in the f ( r )exp 

function. One drawback to the method is the fact that the 

parameters for peaks with small weighting factors are refined 

only very slowly in the presence of peaks with large weighting 

factors. Also the method as currently programmed takes be­

tween an hour and an hour and one -half on the I.B.M. 650 

digital computer to resolve three Gaussian peaks characterized 

by thirty-six experimental points if initial estimates are 

used that are within ten per cent of the final values. The 

main advantage is that the parameters are obtained from the 

f(r)eXp function by use of a completely objective method. The 

above approach is capable of giving precise molecular parame­

ters as long as the Gaussian approximation is valid but a dif­

ferent approach must be used in dealing with sections of the 

f(r) function depending on internal rotation. 

Two methods for handling the problem of internal rotation 

in electron diffraction work on molecules have generally been 

used (1+.6, 58). The first method is applied in the case of a 

high potential barrier. In this method it is assumed that the 
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effects of the skeletal vibrations may be separated from the 

total probability distribution leaving a probability distribu­

tion the breadth of which is characteristic of the internal 

rotation. It is also assumed that the librational modes as­

sociated with the internal rotation are in their ground states. 

The curvatures at the bottoms of the potential wells may 

then be determined from the amplitudes of motion due to the 

internal rotation. Thus if it is assumed that the complete 

potential function can be approximated by a superposition of 

cosine functions it is then possible to determine the ampli­

tudes of the cosine functions, from the parabolic shape at 

the minimum of the potential wells. An estimate of the bar­

riers hindering rotation in the molecules may now be made. 

In the case of a low barrier it is assumed that the 

internuclear separations involved in the internal rotation 

are averaged over all the angles of rotation weighted by a 

factor of the form e 9n)/kT^ gere V(0n) is the potential 

function for the internal rotation. The same assumption is 

again made as to the separability of the vibrational and rota­

tional contributions to the f(r)eXp curve. The potential bar­

rier to the internal rotation is determined by a comparison 

procedure. To do this a cosine potential approximation is 

made. Then by varying the parameters involved in the expres­

sion for V(9n) and computing the contributions to the M(s) 

function or the radial distribution function the most probable 
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parameters are determined by a comparison with the corres­

ponding experimental functions. 

Of the molecules considered in this study only in n-butane 

is it possible to determine the barrier to hindered rotation 

in an unambiguous manner. Thermodynamic information indicates 

that the energy difference between the trans and gauche forms 

is in the region where the low energy barrier approximation 

is valid. The best value reported for the energy difference 

is about 800 cal. mole-"'" (Ij., 6) . The carbon carbon inter-

nuclear distance in n-butane depending on the barrier to 

internal rotation can thus be expressed as a function of the 

angle of rotation weighted by a distribution function depend­

ing on the barrier shape and absolute temperature. This 

distribution function can be expressed as 

where V(9n) is the potential function approximated by the rela­

tion 

where k is the Boltzman constant and T is the absolute 

temperature. The quantities 2(Vj + Vg) and 3V]_/2 are the 

barrier to free rotation and the approximate energy difference 

between the trans and gauche forms respectively. The con­

tribution to the M(s) curve from the terminal carbon carbon 

-V(9n)/kT 2TT -V(9n)kT 

n 
n 

V(9n) = V-j. + v2 ~ V1 cos 9n - V2 cos 3Qn , 
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internuclear distance depending on the internal rotation can 

be expressed as 

where rcc(Qn) = /2rj(l + cos 6n) + rp J 

in which r^ and rg are constants determined from the geometry 

of the molecule. By varying the parameters V% and Vg of the 

potential function and using a reasonable value of kT it is 

possible to compute the contribution to the scattering curve 

from the atom pairs involved in internal rotation. Once this 

has been done a Fourier sine inversion of that part of the 

function involved in internal rotation will give the f(r)_v„ yjLp 

function due to internal rotation. Then by varying the param­

eters Vj and Vg, the most probable values are determined by 

comparing the calculated M(s) functions and f(r) functions 

for the internal rotation with the corresponding experimental 

functions. Once the problem of obtaining molecular parameters 

has been solved it is of interest to determine the reliability 

of these parameters. 

2. Treatment of errors 

M(s) = (2Zc/^ (ZR+ZR))e 
-/e§s2/2 2TT 

R 

2 2 _l/2 

There are two basic sources of error in electron diffrac­
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tion work. One source lies in errors in the theoretical 

approximations while the second source stems from errors in 

the experimental work. The main errors in the theoretical 

approximations are due to failures in the Born approxima­

tion (52). These are of two types, one affecting the 

results at large angle scattering and the other affecting 

the results at small angle scattering. The effect at large 

angle scattering is due to the differing atomic fields of 

atom pairs of differing atomic number. This effect enters 

into the expression for M(s) as a phase factor (51)» 

Fortunately, this effect is negligible (43, 1*4) for atomic 

number differences of five, which are the largest differences 

encountered in the molecules treated here. 

At small angles difficulties arise because of possible 

polarization of the atomic electrons by the incident beam and 

the use of X-ray atom form factors for spherical atoms. Of 

this first effect little is known (52) although agreement be­

tween theory and experiment would seem to indicate that such 

an effect must be small. It appears from experimental work 

performed in this laboratory that there are smooth deviations 

of the experimental intensities at small scattering angles 

from the intensities calculated with the use of X-ray atomic 

form factors for spherical atoms. If this effect is real, 

one possible interpretation might be that the observed devia­

tions are due to the distortion of the electron charge cloud 
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due to chemical binding. It would be interesting to examine 

diatomic molecules such as nitrogen or oxygen to try to 

determine effective molecular form factors for bonded atoms 

by electron diffraction. The form factor effect, while influ­

encing the shape of the atomic background, should cause 

appreciable error in the molecular scattering function only 

at small scattering angles. 

The experimental errors fall into three classifications 

(35)• First, there are the systematic errors in measurement 

of the scattering angle and errors in the settings and calibra­

tion of the electron diffraction unit. These errors mainly 

affect the determination of the internuclear distance parame­

ters and not so much the vibrational amplitudes. 

The second class of errors to be considered is the 

random errors in the determination of the intensity as a func­

tion of angle. These errors affect both internuclear distance 

parameters and vibrational amplitudes and show up as noise in 

the f(r)eXp function. The errors in the parameters are rough­

ly given by the relation (35) 

Î rij WAj ~(y/A)(2b +/i2)1̂ 2 

where y is the maximum amplitude of the noise in the neigh­

borhood of an f(r)eXp peak whose height is A. 

The third classification contains the errors which appear 

systematically in the intensity measurements, including differ­
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ing indices of resolution. One possible source of systematic 

error in the determination of the intensity would lie in the 

uncertainty of the determination of the factors relating the 

optical density measured from the photographic plates to the 

intensity. The index of resolution is the ratio of the 

experimental molecular scattering intensity to the calculated 

theoretical molecular scattering intensity. 

The errors in the third classification do not affect the 

positions of the nodes of the M(s) function appreciably but 

do affect the amplitude of the M(s) function. The parameter 

r^j, since it may be determined from the positions of the 

nodes, is not affected while thej values are since the 

envelope of the M(s) function determines the value of the^^j 

parameter. Another possible source of error of this same 

general type arises from extraneous scattering. The error 

introduced by this effect is small since the extraneous scat­

tering generally runs from zero at small scattering angles to 

perhaps 6 per cent of the total scattering intensity at large 

angles in a smooth fashion. 

For the molecules studied here the errors in r^j were 

generally in the range § r^j = O.OOlj. angstroms to % r^j = 

0.015 angstroms. Similar uncertainties were computed for the 

JL values also. Although this discussion of error is mainly 

slanted toward the determination of parameter errors from the 

f(r)eXp function independent estimates of the error may be 

made from the M(s) function. 
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IV. EXPERIMENTAL METHODS 

A. Equipment and Procedure 

The experimental work discussed here was done at the 

University of Michigan using the sector electron diffraction 

unit constructed by Brockway and Bartell (38). A discussion 

of the apparatus and the experimental techniques involved in 

obtaining scattering intensities is given below. 

In this unit the incident electron beam obtained from an 

electron gun with an accelerating potential of forty thousand 

volts is allowed to intersect a narrow beam of molecules 

injected into the main chamber of the diffraction unit. The 

accelerating potential is regulated to + 4 volts and measured 

by using a potentiometer in conjunction with a voltage 

divider. A beam of molecules is formed by allowing the 

gaseous specimen in a sample bulb to expand into the diffrac­

tion chamber through a platinum nozzle the throat diameter of 

which is about 0.4 millimeters. Pressures of the gas in the 

sample bulb ranged from 45 to 500 millimeters depending on 

the molecular weight of the gas species being studied. In 

order to obtain intensities over a large range of the scatter­

ing variable exposures were taken at two nozzle to photo­

graphic plate distances. Long distance exposures were made 

at a plate distance of 25 centimeters and covered a range in 

s from approximately s = 3 to s = l4* Short distance ex-
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posures were made at a plate distance of 10 centimeters and 

covered a range in s from approximately s = 7 to s = 33« 

The distance between the nozzle and plate was measured with 

a high precision cathetometer. 

Exposure time was governed by an electronic timer coupled 

with an electrostatic shutter. A cam on the stopcock connect­

ing the nozzle to the sample bulb operated the shutter. In 

this work exposure times of 0.1 to 0.1;. seconds and a beam 

current of 0.3 of a micro ampere were used. 

To record the scattered intensity Kodak medium lantern 

slides 3-1/V x 4" were used. In order to compensate for the 

rapid fall off of the total intensity a rotating sector was 

used. The sector is a cardioid-shaped thin metal plate spun 

at 1500 rpm parallel to and 8 millimeters above the photo­

graphic plate. By use of the rotating sector the exposure 

time at s = 30 was made approximately 1000 times larger than 

the exposure time at s = 3* It was then possible to obtain 

accurate microphotometer recordings of the intensity. To 

measure the intensity the photographic plates were mounted on 

a special stage (59) and rotated (22) at 600 rpm while the 

plate was being scanned by a Leeds and Northrup recording 

microphotometer. In this way possible errors in the photo­

graphic emulsion were averaged out while the record of the 

intensity was made on special graph paper which was graduated 

directly in optical density units. The intensity was deter­
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mined by measuring at close radial intervals the optical 

densities of four photographic plates for each distance. 

Since both the left and right hand sides of the micro­

photometer traces scanning the full diameter of each plate 

were measured, eight optical density readings in all were 

averaged at each particular value of s. 

In order to convert the optical density readings to in­

tensities a procedure developed by Bartell and Brockway was 

used. This procedure is based on two assumptions. The 

reciprocity relation 

Exposure = Intensity x Time 

was assumed to be valid for the experimental conditions en­

countered in this work. It was also assumed that the 

exposures from two sets of electron diffraction patterns 

taken under identical conditions with the same gas and differ­

ing only in total exposure time must be the same function of 

the plate radius except for a multiplicative constant. Then 

according to the procedure of Bartell and Brockway a plot of 

D^(r)/Dg(r) vs. D- r̂̂ , where D^(r) and Dg(r) were the optical 

densities of the two exposures, usually gives a linear curve 

over the optical density range from 0.3 to 0.9. The slope of 

this linear relation then determines an emulsion calibration 

constant tX. such that 

1 = DAv + "• DAV • 
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The c< 's found, in this work were in the range 0.13 to 0.16. 

It was found, that the intensities determined according to the 

procedure outlined above were smooth to 3 to 4 parts per ten 

thousand of the measured total intensity. 

B. Experimental Intensity Functions 

As we have shown previously in the section on the theory 

of electron diffraction the total observed intensity is given 

by 

IT = dm + la) 

where Im is the intensity due to the molecular scattering and 

Ia is the intensity due to the total atomic scattering. Actu­

ally in practice there exists a small amount of extraneous 

scattering so that the measured intensity is 

4 = Y dm + la + Ie> 

where Ie is the intensity due to the extraneous scattering and 

y is a modification function due to the sector. Since the 

sector is not perfect a sector correction or function which 

corrects Iy for the errors in the sector must be applied. 

It is also convenient to multiply the corrected intensity by 

a plotting function so that the resultant intensity function 

may be more easily graphed. For short distance data the 

plotting function 

Pj. = ( a + r - br2) 
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was used where r is the radial distance on the photographic 

plate and a and b are arbitrary constants. The long 

distance data for n-butane and n-heptane were modified by 

dividing through by the function 

( s -TT/2) - 1 ^  ^(Z k -F k ( s -TT/2) ) 2  + S k ( s -TT/2) j  

while the long distance data for ethylene and isobutylene were 

not modified. 

The sector correction used for isobutylene was determined 

by reading with a traveling microscope the radial distance 

from the center of the sector as a function of angular open­

ing. The function tabulated was kr^/0r as a function of r 

where 0r was the measured angle and r was the radial dis­

tance. For the molecules ethylene, n-butane and n-heptane an 

improved sector correction was used. This sector correction 

was obtained by dividing experimental intensity data for argon 

by theoretical intensity data obtained from Eartree Fock 

calculations. This procedure had the advantage that imperfec­

tions in the sector were indicated in greater detail. 

However, because the Eartree Fock results emphasize the 

electronic shell structure in argon to a greater degree than 

does the experiment certain smooth features were introduced 

into the sector correction that were characteristic of the 

differences between the theoretical and experimental results. 

To compensate for this effect the background curves had to be 
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made to reflect this difference. Comparison of the background 

curve of isobutylene with those of ethylene, n-butane and 

n-heptane illustrates this point. 

In general the final plotted intensity through which the 

background function was drawn was 

Ip = I y x (Sector correction) x (Plotting function) . 

It should be noted that Ip is the same intensity function dis­

cussed under Appendix B. 
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V. THE STRUCTURES OF ETHYLENE, ISOBUTYLENE, n-BUTANE 

AND n-HSPTANB 

A. Introduction 

The structure of ethylene has previously been examined 

by both infrared (59> 6l) and electron diffraction methods 

(1). The electron diffraction results were obtained twenty 

years ago and were in agreement with the theoretical ideas of 

the time with regard to bond angles in hydrocarbons (1). Ac­

cording to these ideas the angle between two hydrogen atoms 

both bonded to a carbon atom should be approximately the 

tetrahedral angle independent of the other functional groups 

on the carbon atom. Since then a more recent theory of 

directed valence has been developed (62) which suggests that 

the angles between bonds in ethylene should be 120°. The most 

recent spectroscopic work (59) supports the 120° picture. Ac­

cording to these ideas, the analogous bond angles in 

isobutylene should also be 120° except for small distortions 

due to steric repulsion. However, early work (63) on iso­

butylene indicated that the angle between the two methyl 

groups was nearly the tetrahedral angle. Since spectroscopic 

work on this molecule has not been done it was felt that a 

modern electron diffraction determination of the structure 

should be attempted to check the earlier results in light of 

their disagreement with present ideas. 
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In the course of investigating isobutylene it was found 

that the experimental G-G double bond distance was in dis­

agreement with the corresponding distance reported in the 

spectroscopic study of ethylene (59 > 63). Also, the angle 

between the methyl groups appeared to be closer to the 

tetrahedral angle (63) than the 120° angle predicted by the 

current directed valence picture. At this point it was de­

cided that a reinvestigation of ethylene should be attempted 

to see whether the differences between the two molecules were 

due to chemical effects or to inaccuracies in the structure 

determination for ethylene. 

It is important that the structure of ethylene be known 

accurately since ethylene is taken as the prototype of non-

aromatic organic compounds with double bonds, and the 120° 

bond angle has generally been considered to be a consequence 

of "pure" sp^ sigma bonding. Since, in chemistry, graphs of 

bond orders against internuclear distances are used to cor­

relate structural data it is important that accurate 

parameter measurements be available for the compounds used to 

determine points on these graphs. 

Another reason for interest in the structure of iso­

butylene is the study of the effect on a G-G single bond of 

an adjacent double bond. Many investigators (62) have estab­

lished that a G-G single bond adjacent to a triple bond is 

substantially shorter than the normal single bond distance of 
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1.54 angstroms. On this basis it has seemed anomalous that 

the reported value for the single bond distance in isobutylene 

and several other olefins is identical to the "normal" single 

bond distance (63). 

The structures of the normal hydrocarbons in the gaseous 

state were first investigated by Wierl (65, 66) who examined 

the series from n-propane to n-hexane. Wierl reported that 

very little difference existed in the diffraction patterns 

and was unable to determine the overall shapes of the mole­

cules although he reported values for the C-C single bond 

distance for all the molecules studied. These hydrocarbons 

have been studied spectroscopically by both the infrared and 

raman techniques (67) in the solid and liquid states. The 

longer chain normal hydrocarbons have also been studied in 

the solid state by X-rays (68, 69). Spectroscopic results 

indicate that the normal hydrocarbons are quite rigidly held 

in the extended trans configuration in the solid state but 

that there exist some gauche forms in the liquid state (67). 

The main structural problem of the normal hydrocarbons in the 

gaseous state besides determining the parameters for the 

bonded distances is the determination of the distributions 

between internal rotational configurations of the molecule. 

A great deal of work has already been done on this last 

problem. 

Gaseous viscosity measurements on n-heptane and n-butane 
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by Malaven and. Mack (70) and later by McCoulrey, _et al. (2) 

were Interpreted as indicating that the molecules are largely 

in a "highly coiled" or "crumpled" state. However, theoreti­

cal work by Stein (3) on molecular polarizabilities using ex­

perimental values determined from light scattering experiments 

indicated that these molecules were mainly in extended trans 

states. 

Two statistical thermodynamic approaches have been made 

(ij., 7) to this problem using heat capacity data and different 

starting assumptions. In the earlier work by Aston (7) a 

potential function of the form VQ cos 9 was assumed to repre­

sent the rotation about the central G-G axis in n-butane. A 

more rigorous approach was used by Pitzer (lj--6) who assumed a 

two parameter potential function and computed not only the 

total barrier to rotation about the central G-G axis in n-

butane but also the energy difference between the trans and 

gauche forms. Since current electron diffraction methods are 

one of the most direct methods of structure determination it 

was felt that an investigation of n-butane and n-heptane might 

resolve the controversy about the shape of free hydrocarbon 

molecules. 

B. Ethylene 

A sample of ethylene was obtained from the Matheson 

Company with less than l/2 per cent impurities. Diffraction 

patterns for a large number of plates were obtained at two 
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different plate distances and three long distance plates and 

four short distance plates were selected for microphotometer-

ing. The resultant Ir function was computed from the 

experimental data by use of the I.B.M. 6oij- digital computer. 

The I.B.M. 650 computer was used to determine the radial dis­

tribution function and the background function. 

The peaks in the resultant radial distribution curve were 

reasonably well resolved and the G-H and C-G bonded distances 

were both determined by graphical and steepest ascents 

techniques. It is interesting to note that the H-H peaks at 

1.8 angstroms, 2.5 angstroms and 3.1 angstroms show up on the 

radial distribution curve and plainly indicate the planar 

model for ethylene. Once a planar structure is assumed the 

ethylene structure is determined by three parameters and these 

are obtained from the three main features of the f(r) func­

tion. The first two peaks may be corrected for asymmetry 

effects but not enough is known about the C-H non-bonded peak 

to characterize it in this way. The internuclear distance 

determined by a Gaussian function which best fits an f(r) peak 

seems to be closely related to rg(1) since rg(1) is also the 

center of gravity of the radial distribution peak. Thus it 

appears from the standpoint of electron diffraction that if 

asymmetries are unknown it is best to define internuclear 

distances in terms of rg(l) or Tg(0). The position of the 

maximum of a radial distribution peak where the cubic asymme-
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Figure 1. A plot of the experimental Ip and B(s) functions for ethylene 

(The heavier lines indicate the B(s) functions) 
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Figure 2. Plot of the experimental M(s) function and 
calculated M(s) functions 

(The H-C-H angle is the only parameter that 
has been varied and the distance parameters 
used were r^-g = 1.33k and rc_jj = 1.085.) 
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Figure 3• Plot of the experimental M(s) function and the best calculated M(a) 
and M(s)c functions 

(The M(s)c function differs from M(s) by the correction for non-
nuclear scattering.) 
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Figure I4.. The radial distribution function for ethylene 
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try corrections have been subtracted out is related to rg(l) 

approximately by the expression 

rRD max = rgU) " + 2Aj> 

where a is the asymmetry constant, b is the damping factor 

andj_j is the root mean square amplitude of vibration. Table 

1 shows the various values obtained for the ethylene parame­

ters . 

Table 1. Internuclear distance parameters for ethylene 

Peak -n a 
XRD max i-gU) rm(1) 

rg(0) rm(0) 

C-H 
c=c 
G — — —H 

I.O763 
1.3319 
2.1059 

1.0795 
1.3325 
2.11^0 

1.0714.0 
1.330k 

1 . 08l}.9 
1.3339 
2.1190 

1.079k 
1.3318 

aValues were determined by the graphical method 

It is of interest to note the spread in internuclear 

distances due to differing operational definitions. This 

spread would make it seem desirable in molecular structure 

work to standardize the nomenclature so that possible 

ambiguities in reporting internuclear distances would not 

arise. 

The angle in ethylene was also obtained by a correlation 

method using the M(s) function where values of the ratio of 

sexpt. ôr the extrema of all the molecular features 
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indicate that a good fit was obtained. This is of course not 

an independent determination of the angle but merely a dif­

ferent way of looking at the same data. Table 2 shows the 

results of this correlation procedure. 

Table 2. Correlation of maximum and minimum positions be­
tween the experimental and calculated M(s) curves 

Feature sexp scalc sexp/scalc 

1 3.63 3.6k 0.997 
2 6.2 k 6.25 O.998 
3 8.22 8.19 1.003 

il- 10.06 10.07 0.999 
5 12.9k 12.95 0.999 
6 lk.68 lk.64. 1.002 

7 16.69 16.65 1.002 
8 19.04 19.0k 1.000 
9 21.52 21.53 O.999 

10 23.90 23.82 1.003 
11 26.16 26.15 1.000 
12 28.65 28.k& 1.005 

Average 1 .0005 
Average deviation 0 .0020 
Standard deviation 0 .0023 

Morino and Hirota have introduced the so-called relia­

bility factor (lj.6) 

R = g , W (a) s | M(s) /J-M(s)calc I /£K.) s)M(s)calcl 
S ' s 

where W(s) is a suitable weighting function and J is the index 
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of resolution. The factor R is a measure of the reliability 

of the structure determination and Morino reports values of 

30 to I4.O per cent for R with uncertainties in his reported 

parameters of about 0.01 angstroms. For ethylene values of 

better than 5 per cent were obtained for R. 

A table summarizing the final molecular parameters for 

ethylene along with a comparison of experimental and calcu­

lated root mean square amplitudes of vibration and the 

estimated uncertainties in the experimental parameters is 

presented below. 

Table 3. Molecular parameters and their uncertainties for 
ethylene 

Peak rg(l)a rg(0) S r /^i j calc ^ L . •ij exp ij 

C-H 1.080 1.085 +0.005 0.077 0.080 +0.006 

C=C 1.332 1.33k +0.003 o.oki 0.0k6 +0.005 

C-..H 2.1lk 2.119 +0.008 0.091 0.102 +0.010 

Z_ H-C-H 115.9 ± 2° 

Index of resolution .76e 

aAll values obtained by the graphical procedure 

^Calculated from infrared spectroscopic results. See 
references (I4.I) and (k2) 

cIndex of resolution is the ratio of the amplitudes of 
the experimental M(s) and the calculated M(s) for the best 
theoretical model. 
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Although the parameters presented in the above table were 

obtained by a graphical method using the upper two-thirds of 

each peak they were also checked by the method of steepest 

ascents using the entire radial distribution function. The 

two methods agreed for the internuclear separations to better 

than 0.001 angstroms and agreed to about 0.002 angstroms for 

the root mean square amplitudes of vibration. It was found 

on dissection of the peaks that the C-H and C=C peaks could 

be characterized quite well by Gaussian functions after suit­

able asymmetry corrections were made. An integral termination 

C=C distance and the internuclear distance for the C-H peak. 

The observed noise level appeared to be about one per cent of 

the maximum of the experimental f(r) function. The peak for 

the C H non-bonded distance, however, was appreciably 

skewed. Although an empirical asymmetry constant could be 

obtained for this peak, no theoretical framework exists which 

would permit corrections for this asymmetry to be made in the 

calculation of the H-C-H angle. 

A sample of isobutylene with less than 1/2 per cent 

impurities was obtained from the Matheson Company. A radial 

distribution curve and background function were obtained by 

the methods outlined earlier. It should be pointed out that 

correction was also made which 

C. Isobutylene 
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Figure 5>. A plot of the experimental Ir and B(s) functions for isobutylene 

(The heavier lines indicate the B(s) functions.) 
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Figure 6. Radial distribution functions for isobutylene 

(a) The radial distribution function for isobutylene 

(b) The radial distribution function using M(s)_ data from 
s = 0 to s = 5 
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the old sector correction was used for this molecule since the 

new sector correction had not been developed until the analy­

sis of isobutylene was almost finished. 

At least nine internuclear distance parameters are needed 

to determine the structure of isobutylene if the C-C skeleton 

is assumed to have the point group symmetry, both methyl 

groups are assumed to be equivalent with equal C-H distances 

and H-H distances, and the ethylenic C-H distances are as­

sumed to be equivalent. Two of these parameters determine the 

configurations of the methyl groups. The remaining seven 

parameters may be reduced to five if the CHg group is assumed 

to be the same as the CHg group in ethylene. Unfortunately a 

careful investigation of possible theoretical models for 

isobutylene indicates that within the limits of experimental 

error it would be impossible to determine the difference be­

tween various configurations of the methyl groups. It has 

been reported (6J4.) that the barrier to rotation of the methyl 

groups is 27OO cal. mole"^ (7)* This would seem to favor a 

fairly rigid configuration of the methyl groups. There are 

only two sterically compatible configurations; in the first 

the molecule has the point group symmetry Cgy and in the 

second Cs. The configuration of each methyl group with 

respect to the double bond in the case possessing Cgy symmetry 

is in the same configuration as the one methyl group in 

acetaldehyde (58) . For these two most probable configurations 
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M(s) curve s were calculated but it was impossible on the basis 

of correlation with the experiment to choose between them. 

The remaining five parameters were obtained from analysis 

of the f(r) function although the angle between the methyl 

groups could not be determined with the normal precision 

because of the unfavorable geometry of the molecule. The non-

bonded G-G distances form an equilateral triangle approxi­

mately so that the radial distribution function exhibits a 

composite peak formed from the two different G-G non-bonded 

distances. As long as the separation between two Gaussian 

f(r) component peaks is less than the vibrational amplitudes 

of the peaks the sum of the two is again almost exactly a 

Gaussian peak. Because of this, small changes in the G-G 

non-bonded distances in either direction from the equilateral 

configuration do not appreciably affect the shape of the 

f(r) or M(s) functions. Therefore, the precision with which 

the Me-C-Me angle may be determined is severely limited. 

In Table Ij. a list of the parameters which are independent 

of the internal rotation for isobutylene is presented with a 

comparison of calculated and experimental amplitudes of vibra­

tion and estimated uncertainties for the parameters. 

The uncertainties in the determination of the G-G non-

bonded distances and their corresponding amplitudes of vibra­

tion were estimated from the sensitivity of the correlation 

procedure. The other parameters were all obtained from an 
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Table k* Molecular parameters for isobutylene 

Peak rg!1> rg( 0 )  S? /fij calc /ij exp £iij 

C-H&ve 1.102 1.107 +0.007 0.077 0.075 +0.009 

G-%t (1.085)* 

C-%e 1.115 

c=c 1.32k 1.326 +0.006 o.oki o.ok5 +0.006 

G-G l'k99 1.501 +0.006 0.055 0.058 +0.007 

G Have 2.1J+9 2.15k +0.020 0.100 +0.015 

c HEt (2.119)b 

B—Bave i.8kk 1.8k9 +o.ok5 0.123 0.100 +0.055 

H£ê"Hme 1.813e 

Mg Me 2 .k9kd +o.oko 0.079 0.080 +0.020 

CHg—Me 2 .k9kd +0.020 

Z Me-C i-Me 112.5 +  k . o  0 

/ C-C--He 109.5 + i.k 0 

Z H-C-•He 109.0 + 2.8 0 

Index of resolution .87 

aSee reference (i+l) and (ij.2) 

^Values assumed from ethylene structure 

^Geometrically most compatible value 

^Determined by correlation procedure with M(s) function 

eAngles refer to the methyl hydrogens 
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analysis of the radial distribution function by the method of 

steepest ascents. The estimates of error were based on the 

procedure outlined previously but additional allowances were 

made for the effect of integral termination errors. A radial 

distribution curve of the somewhat arbitrary part of the M(s)c 

function from s = 0 to s = 5 was obtained so that the sensi­

tivity of the f(r)exp function to this data could be deter­

mined. 

D. n-Butane 

A sample of n-butane with less than l/2 per cent impuri­

ties was obtained from the ma the s on Company and a radial 

distribution curve was computed by following the procedure 

outlined previously. It was assumed that all methyl and all 

methylene groups were equivalent and that the hydrogen atoms 

were related by three-fold and mirror symmetry operations 

respectively. Once these assumptions are made along with the 

assumption that all C-C bonded distances and C-C-C angles are 

equal it is possible to determine the structure of n-butane by 

determining nine parameters. Of these nine parameters, six 

determine the geometry of the framework independent of the 

internal motion and three determine the internal motions of 

the methyl groups and the carbon framework. 

To simplify the problem further, it is assumed that the 

C-H bonded distances are the same throughout the molecule and 
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Figure 7• A plot of the experimental Ir and B(s) functions for n-butane 

(The heavier lines indicate the B(s) functions.) 
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that all the G-G-H angles are the same. Actually, the 

distances obtained from n-butane and n-heptane for the average 

carbon hydrogen bonded distances differ by 0.01 angstroms. 

This difference is so close to the estimated errors in the 

measurements of the bond distances that no interpretation of 

this shift in terms of differing carbon hydrogen distances 

for CH^ and GHg groups is made. If proposed studies of 

n-pentane and n-hexane show a consistent trend, more signifi­

cance might be attached to the indicated difference. The 

parameters determining the geometry of the framework 

independent of the internal motion are presented in a table 

below with estimated errors. It should be noted that it was 

not possible to determine the smallest carbon carbon non-

bonded internuclear distance directly. Since the neighbor­

hood of the feature determining this distance is confused by 

peaks depending on internal rotation, the position of the non-

bonded carbon carbon peak was obtained from geometrical 

considerations using the position of the peak determining the 

trans configuration. 

The parameters determining the internal motion of the 

methyl groups appear to be impossible to determine since their 

effect on the radial distribution curve is obscured by the 

effect of the internal motion of the carbon skeleton. The 

peak reflecting the internal rotation of the carbon framework 

about the trans position is fairly well resolved. If it is 
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Table 5» Molecular parameters and uncertainties for n-butane 

rg(1) i-g(0) î r /i;j calca /ij exp 

C-Hb 
ave 

I.O96 1.103 +0 0
 
0
 
0
 

0.077 0.087 +0.012 

C-Cb 1.529 1.531 +0 .006 0.055 0.057 +0.006 

C Hb 2.179 2.187 ±° .015 0.150 +0.020 

0
 

1 1 1 0
 0
 

2.5W 2.514-6 ±° .020 

C ^Trans 3.901 

Z C-C-C 

Z. C-C-H 

3.905 +0 .015 

112 

111 

.5 ± i.k° 

.2 + i.ij.° 

0.120 +0.025 

Index of resolution .85 

aSee references (ij.1) and (1+2) 

^Calculated by method of steepest ascents 

^Calculated from trans C C distance. Smallest C C 
non-bonded distance in molecule 

^Estimated from maximum of f(r) peak 

assumed that the stable forms for the carbon skeleton are the 

trans form and two gauche forms (67) then all the areas in the 

observed radial distribution function may be accounted for. 

The potential barrier to rotation for the trans gauche model 

may be approximated by the function 

V(0) = Vj + V2 - Vj cos 6 - Vg cos 3© 

where 0 is the angle of rotation measured from the trans 
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Figure 8. Some radial distribution functions for n-butane 

(a) The radial distribution function for n-butane 

(b) The radial distribution function for n-butane using M(s)0 data 
from s = 0 to s = $ 
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position, 2(V]_ + Vg) is the barrier to free rotation and (3/2) 

Vj is the approximate energy difference between the trans and 

gauche forms. It was found that the trans C-C peak calcula­

ted using this potential and Pitzer1 s values (6) for the 

barriers were in agreement with the experimental trans peak. 

Experimentally it appeared that there were 65 per cent of the 

molecules in the trans configuration and 35 per cent of the 

molecules in the gauche configurations. The values used for 

the barriers were 36OO cal. mole for the barrier to free 

rotation and a value of 800 cal. mole~^ for the energy dif­

ference between the trans and gauche forms. In the present 

study it appears that the uncertainty in the determination 

of the barrier heights is rather large, although the experi­

ment is more sensitive to determination of the trans gauche 

energy difference than the trans cis energy difference. 

A radial distribution function was calculated using the 

M(s)c data from s = 0 to s = 5« These M(s)c values are some­

what arbitrary, and by performing the Fourier inversion it is 

possible to determine the sensitivity of the trans C-C peak 

to these values. 

E. n-Heptane 

A sample of n-heptane of better than 99*5 per cent purity 

was obtained from Professor R. S. Hansen of Iowa State College. 

A radial distribution curve for n-heptane and a radial 
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Figure 9• A plot of the experimental Ir and B(s) functions for n-heptane 

(The heavier lines indicate the B(s) functions.) 
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distribution curve using the M(s)c data for n-heptane over 

the range s = 0 to s = 5 were obtained. The same assumptions 

that were made in the case of n-butane about the equivalence 

and symmetry of all methylene and all methyl groups were made 

also for n-heptane. Since no shift was observed in the C-C 

single bond distance going from n-butane to n-heptane it was 

also assumed that all C-C single bond distances were equiva­

lent. 

These assumptions reduced the number of parameters re­

quired to determine the geometry of the framework independent 

of internal rotation to six which can be subsequently reduced 

to four by assuming that all the C-H bond distances, C-C-H 

angles, and C-C-C angles are the same. As in n-butane it is 

not possible to determine the parameters for the internal 

rotation of the methyl groups, but an analysis of the possible 

configurations of the carbon framework may be made. The nota­

tion T for trans and G for gauche will be adopted for 

describing the possible configurations of the molecule. It 

takes four symbols to describe an internal rotational con­

figuration of the carbon skeleton since there are four C-C 

single bonds about which rotation may take place. The 

nomenclature used below follows that proposed by Mizushima 

(67) except that the differentiation between gauche forms is 

included in a weighting factor rather than by enumerating the 

gauche forms separately. For instance, the internal rotation-
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al configurations denoted in Mizushima's notation as TTTG and 

TTTG' each with a weight of two will be referred to here as 

TTTG with a weight of four. It is impossible to determine 

from the electron diffraction data the percentages of the 

molecules in each internal rotational configuration without 

making assumptions about the relative barriers to internal 

rotation about each bond. It is possible nevertheless to 

estimate directly the percentages of molecules in groups of 

internal rotational configurations. 

In the analysis of the parameters for the rigid framework 

it was found that the smallest C—C non-bonded distance was 

masked by radial distribution features depending on the 

internal motion of the carbon framework. However, it was noted 

that three of the peaks determining the geometry of the mole­

cule in the completely trans state were well resolved. From 

these peaks three separate calculations of the smallest G--G 

distance were made with an internal consistency of 0.005 

angstroms. The three peaks used in the calculation are 

labeled A, B, and C in order of increasing internuclear separa­

tion and are presented in a table below along with the rest 

of the parameters determined for n-heptane. 

In order to obtain a description of the shape of n-

heptane molecules the areas of the three peaks, A, B, and C 

were determined. The assignment of areas was subject to 

rather large uncertainty as indicated in Table 7 due to over-
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Table 6 • Molecular ? parameters and uncertainties for n-heptane 

Peaks rg(l)* r
s

( 0 )  S? ^ 
> b 
ij calc /ij exp Siij 

C-H 1.106 1.113 +0.007 0.077 0.08ij. +0.012 

C-C 1.530 1.532 +0.006 0.055 0.058 +0.006 

c——. -H 2.167 2.175 +0.015 0.105 +0.020 

C——' -C 2.549e 2.553 +0.020 

A C -— -c 3.920 3.92k +0.015 0.100 +0.025 

B C —• -c 5.086 5.089 +0.020 0.115 +0.030 

C C — -c 6.I4.31 6.433 +0.020 0.120 +0.035 

Z. C-C-H 109 .6 + I.J4.0 

Z. C-C-c 112 .8 + 1.4° 

Index of resolution 1.00 

aDetermined by the method of steepest ascents 

t>See reference s (Ij-1) and (l|-2) 

^Calculated from rg(1) values of peaks A, B, and C 

lapping of peaks A, B, and C by broad shallow peaks associ­

ated with the more highly coiled molecules. Then by 

comparing the experimental area with the areas calculated as­

suming that all the molecules were in the TTTT configuration 

it was possible to estimate the percentages of the molecules 

in various groups of rotational configurations in a sample of 

n-heptane at about 285° Kelvin. 

The percentages were also calculated for a simple model 
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Figure 10. Some radial distribution functions for n-heptane 

(a) The radial distribution function for n-heptane 

(b) The radial distribution function for n-heptane using M(s)c data 
from s = 0 to s = 5 
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Table 7• Analysis of the internal rotational configurations in n-heptane 

Per cent Contributing Per cent No. of Calculated Calculated 
Peak of configura­ of trans configura­ per cent per cent of 

trans areaa tions area per form tions of areab trans area 

A 67 + 20 TTTT 100 1 17.9 65.1 
TTTG 75 4 14.4-

65.1 

TTGT 75 4 l4.4 
TTGG 50 8 

4 
5.2 

GTTG 50 
8 
4 2.6 

TGTG 50 8 5*2 
TGGT 50 4 2.6 
TGGG 25 16 1.4 
GTGG 25 16 1.4 

B 47 ± 20 TTTT 100 1 17.9 42.2 B 47 ± 20 
TTTG 66.7 4 12.8 

42.2 

TTGT 33.3 4 6.4 
TTGG 33.3 8 3.5 
GTTG 33.3 4 1.7 

G 30+25 TTTT 100 1 17.9 27.5 
TTTG 50 4 9.6 

aEstimated from the experimental radial distribution function 

^Computed using the potential barriers for n-butane 
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in which it was assumed that the a priori probabilities of 

all configurations were equal, the barriers to rotation about 

all G-C bonds were the same and that the values for the 

potential barriers to rotation were the same as those in 

n-butane. Actually some of the configurations contributing 

to peak A may be sterically improbable (67) but the exclusion 

of these configurations would not affect the theoretical 

percentage by more than 3 per cent. A complete list of the 

internal rotational configurations contributing to each of 

the three peaks as well as the area of each, the area per­

centage compared with that calculated for an all trans sample, 

and the area percentage calculated for the above model is 

presented in Table,7 • The diffraction results definitely 

establish the existence of a substantial proportion of ex­

tended molecules, but show also that the barrier to folding 

of the internal rotational isomers is not greatly in excess 

of thermal energy at room temperature. 

P. Discussion of the Structures 

A comparison of the results obtained from various struc­

tural determinations of ethylene, isobutylene, propylene and 

acetaldehyde are made in Table 8. The angle denoted by C=C-C 

will be chosen for comparison purposes. It should be noted 

that the corresponding angle generally associated with pure 

sp^ hybridization is about 120° while that associated with 
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Table 8. Structural parameters for ethylene and methyl substituted ethylene 

Molecule RC< 
:/° 

rc-c • >
A° RC-HJ A

0 

I ^ c=c-c Method Date Reference 

CH2CH2 1.30 + 0.10 MED® 1932 65 
CH2CH2 1.3U + 0.02 1.06 + 0.03 125.0 + 2.5° EDb 1937 l 

CH2CH2 1.331 1.085 121.0° Hc 1939 71 

CH2CH2 1.353 + 0.010 1.071 + 0.010 120.0 + 0.3° IR 19li2 59 
CH2CH2 1.33b + 0.003 1.085 + 0.005 122.1 + 1.0° SMEDd 1957 present study 

Me CHCHg 1.33 1.U9 125.0° SVEDe 1956 63 

Me CHCHg 1.353 1.L88 1.09f 12U.8° 

i.5oi 

MWS 1957 72 

Me CH 0 1.50I+ + 0.010 1.12b + 0.020h 123.6 + i.5oi SMED 1955 58 
Me CH 0 1.501 + 0.005 1.086 + o.oo5h 12U.0 + 0.1°i m 1957 73 

Me2CCH2 1.33 1.50 123.5° SVED 1956 63 

Me2CCH2 1.326 + 0.006 1.501 + 0.006 1.1073+ 0.007 123.8 + 2.0° SMED 1957 present study 

aMicrophotometer electron diffraction method 
^Electron diffraction visual method 
cInfrared method 
^Sector microphotometer electron diffraction method 
eSector visual electron diffraction method 
^Distance assumed for methyl group 
SMicro wave method 

^Methyl group C-H distance 

i-The 0=0-0 angle 
JAverage C-H distance in molecule 
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Table 9. Comparison of some molecular parameters for selected aliphatic hydrocarbons 

Molecule rC-C,A° rC-H,A° rC~CA° S C—G—0 ^C-C-H Method Date Reference 

n-Propane 1.52 +0.05 EDa 1932 65 

n-Butane i.5i +0.05 BD 1932 65 

n-Butane l.531+0.oo6b 1.103+0.007 2.546+0.020 112.5+1.b0 111.2+1.4° SMEDC 1957 present 
study 

n-Pentane 1.53 +0.05 - ED 1932 65 

n-Hexane i.5U +0.05 ED 1932 65 

n-Heptane 1.532+0.006b 1.113+0.007 2.55310.020 112.3+1.b° 109.6+1.4° SMED 1957 present 
study 

Sebacic acid i.5o -i.5Ud 11U0 XRe 68 

h-C23 2.5U9+0.00U XR 1953 69 

n-G36 h7U 1.53U+0.006 2.5U6+o.ooU 112.2+0.3° XR 1956 75 

Êlectron diffraction microphotometer method 

B̂ond distances reported as ig(0) 

cSector microphotometer method of electron diffraction 

Ĉarbon carbon single bond distances alternate between these values 

®X-ray crystallographic structure determination in solid state 
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pure sp3 hybridization, is about 125°. 

A number of interesting conclusions may be drawn from the 

more recent structural results in Table 8. First, the carbon 

carbon double bond distance appears to be nearly 1.333 

angstroms as determined by the electron diffraction method in 

the present study on ethylene. This value falls in line with 

the smooth curve obtained by plotting the bond order as de­

termined from the molecular orbital approach against the bond 

distance for acetylene, benzene, graphite, and ethane (62). 

The value of 1.353 reported by Callaway and Barker (59) does 

not fall on the above curve. The double bond distance for 

isobutylene is in agreement with the value found in ethylene 

by the present study but the microwave results on propylene 

are not. It should be noted, however, that the ethylenic C-H 

bonds and angles in propylene were assumed (72) to be the same 

as those reported by Callaway and Barker for ethylene and 

these assumptions appear to be appreciably in error. Also the 

distances for the hydrogens in the methyl group were assumed, 

and the values chosen appear rather low. 

A second point is the shortening of the C-C single bonds 

adjacent to double bonds. This shortening has been attributed 

by Goldish, Hedberg, and Schomaker (74) to hyperconjugation of 

the methyl groups with the double bond. It has also been ob­

served that the ionization of ethylene decreases with methyl 

substitution and Coulson (62) has explained this effect in 
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terms of hyper conjugation with a slight inductive effect. 

Although the experimentally determined shortening of the C-C 

bonds in these compounds had not been determined at the time 

the shortening of the C-C bond in methylacetylene was observed 

and Coulson explained this by attributing one-half of the 

0.080 angstrom shortening to hybridization and one-half to 

hyper conjugation. In view of the bond angles observed in 

isobutylene and propene it would appear that the effect of 

hybridization in these compounds would be much less than in 

methyl acetylene. 

The third aspect is the value of the bond angle C=C-C 

for methyl substituted ethylenes. The experimental values 

appear to be closer to the tetrahedral value of 125-3° for the 

angle in the case of the methyl substituted ethylenes. How­

ever, this effect is more subtle than the shortening of the 

bond distance and no simple explanation properly correlating 

bond angles in similar compounds has been proposed. If the 

double bond distance from the present study is substituted 

into the moments of inertia as determined by Gallaway and 

Barker (59) the resultant C=C-C angle is larger by several 

degrees than 120°. There also appear to be discrepancies be­

tween the electron diffraction results and the microwave re­

sults for C-H bonds. A more careful study of the asymmetry 

problem as it relates to both methods may help resolve this 

difference. 
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In the present study it appears that C-C single bonds in 

aliphatic compounds have the constant value 1.532 angstroms 

rather than the value of 1.544 angstroms usually quoted as the 

normal C-C distance. The apparent shift in the average bonded 

C-H distance between n-butane and n-heptane is too small to be 

interpreted reliably in terms of different distances for CH^ 

and CHg groups. A shift in the C-C-C angle from the tetra-

hedral value is noted and such a shift is observed from the 

X-ray work on larger hydrocarbons (68, 69, 75)• 

The molecular configurations of n-butane and n-heptane 

were also determined. It was found that the experimental 

results determined in this study were in agreement with the 

results of Pitzer's (6) statistical thermodynamical calcula­

tion. The energy differences are given by Pitzer (6) as 800 

cal. mole-1 between the trans and gauche forms and 36OO cal. 

mole""1 between the trans and cis forms. In n-heptane it was 

found that about 38 per cent of the molecules in a given sam­

ple at 285° Kelvin were in TTTT and TTTG configurations. 

About 33 per cent of the molecules were in GTTG, TGTT, and 

TTGG configurations and 28 per cent were in TGTG, TC-GG, GTGG 

and TGGT configurations. Although the uncertainties in the 

percentages quoted above were rather large it appeared from 

the analysis of the radial distribution function that the 

proposed distribution was more probable than the completely 

extended picture (3) and definitely more probable than the 

"crumpled" or "highly coiled" picture (2). 
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VI. SUMMARY 

The purpose of this work was to characterize the struc­

tures of ethylene, isobutylene, n-butane and n-heptane. The 

studies of ethylene and isobutylene were concerned with double 

bond lengths, bond distances adjacent to double bonds and bond 

angles associated with double bonds. In the case of n-butane 

and n-heptane the internal rotational configurations of the 

molecules were investigated as well as the bonded internuclear 

distances. The results of these investigations are tabulated 

in Tables 1 through ?• In Table 8 and 9» the principle 

results are summarized and comparisons are made with related 

molecules. 

In order to obtain the best possible analysis of the ac­

curate intensity data obtained by the sector microphotometer 

technique of electron diffraction, high speed digital 

computers were used. A survey of the theory of electron dif­

fraction was made. Computation of the theoretical expressions 

useful in the interpretation of the diffraction data were 

programmed for the I.B.M. 650 digital computer along with 

operations for numerical analysis of the data. Because of 

the high speed of the computer it was possible to use more 

powerful numerical methods and more rigorous theoretical ex­

pressions for interpretation of the diffraction data than had 

previously been used. The discussions of these programs are 

presented in the appendices. 
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The structural parameters were obtained in this study 

mainly from analysis of the radial distribution function. 

Analytical methods for analysis of the radial distribution 

function are discussed for the cases with and without internal 

rotation. The reliability of the molecular parameters is 

considered and estimates are made of the various errors in­

volved. 

It was found that the length of the C=C double bond in 

ethylene and isobutylene is significantly shorter than that 

reported for the most definitive spectroscopic study of 

ethylene. The C=C-C and C=C-H angles in isobutylene and 

ethylene respectively were found to be larger than 120°. It 

was also found that the C-C single bond distance in isobutyl­

ene is shortened .03 angstroms by the influence of the 

adjacent double bond, as judged by a comparison with the 

single bond distance in saturated compounds. The root mean 

square amplitudes of vibration and internuclear distances were 

reported for all bonded distances along with important bond 

angles for all molecules studied. In the case of n-butane 

the electron diffraction structure was found to be in agree­

ment with that implied by the barrier to internal rotation 

calculated by Pitzer. For n-heptane the shape of the molecule 

was described in terms of percentages of molecules in various 

internal rotational configurations. The results for n-heptane 

indicated conclusively that the molecules in the gaseous state 
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at 285° Kelvin are not highly coiled in contrast to the 

interpretation by McCoulrey, jet al., of vapor phase viscosity 

measurements (2), but rather are more likely to be extended 

in predominantly trans configurations. The diffraction 

results suggest, however, as in the case of n-butane, that 

the excess energy of gauche configurations over trans is not 

large compared with thermal energy at room temperature. 



www.manaraa.com

9k 

VII. REFERENCES 

1. Pauling, L. and Brockway, L. 0., J. Am. Chem. Soc. 591 
1223 (1937)• 

2. McCoulrey, J. C., McCrea, J. N., and Ubhelohde, A. R., 
J. Chem. Soc. 1951, 1961. 

3. Stein, R. S., J. Chem. Phys. 21, 1193 (1953)• 

4« Pitzer, K. S., J. Chem. Phys. 8, 711 (1940). 

5. Pitzer, K. S., Ind. Eng. Chem. j6, 829 ( 1944) . 

6. Pitzer, K. S., Disc. Faraday Soc. 1951 No. 10, 66. 

7• Aston, J. G., Isserow, S., Szasz, G. J., and Kennedy, 
R. M., J. Chem. Phys. 12, 336 (1944). 

8. Stuart, H. A. and Schiessl, S. V., Ann. Physik 62, 321 
(1948). 

9. Debye, P. J. W., J. Math, and Phys. 4» 133 (1925)• 

10. Debye, P. J. W., Bewilogua, L., and Ehrhardt, F., Phys. 
Zeit. jO, 84 (1929). 

11. Davisson, C. J. and Germer, L. H., Phys. Rev. 30, 705 
(1927). 

12. Mark, H. and Wierl, R., Naturwissenschaften 18, 205 (1930). 

13. Mott, N. F., Proc. Roy. Soc. (London) A 127, 658 (1930). 

l4» Pauling, L. and Brockway, L. 0., J. Chem. Phys. 2, 867 
(1934). 

15• Brockway, L. 0., Revs. Mod. Phys. 8, 231 (1936). 

16. James, R. W., Phys. Zeit. JJ, 737 (1932). 

17. Morse, P. M., Phys. Zeit. 443 (1932). 

18. Bewilogua, L., Phys. Zeit. ̂ 2, 740 (1931)• 

19. Pauling, L. and Brockway, L. 0., J. Am. Chem. Soc. 57, 
2684 (1935). 



www.manaraa.com

95 

20. Finbak, G., Avhandl Norske Videnskaps - Akad. Oslo. I. 
Mat. - Nuturv. El. No. 13 (1937). 

21. Debye, P. P., Phys. Zeit. IjX), 66 (1939). 

22. Degard, C., Pierard, J., and Van der G-rinten, W., Nature 
136, 1Ï+2 (1935). 

23. Degard, G., Bull. Soc. Roy. Sci. Liege 12, 3^3 (1937). 

2lj_. Walter, J. and Beach, J. W., J. Ghera. Phys. 601 
(19^0). 

25. Spurr, R. and Schomaker, V., J. Am. Chem. Soc. 6k, 2693 
(19l|.2). 

26. Debye, P. J. W., J. Chem. Phys. £, 55 ( 194-1). 

27. Harvey, R. B., Keidel, P. A., and Bauer, S. H., J. App. 
Phys. 21, 860 (1950). 

28. Coffin, K. P. and Bauer, S. H., Rev. Sci. Instr. 33, 115 
(1952). 

29. Bauer, S. H., J. Chem. Phys. 18, 27 (1950). 

30. Hastings, J. M., and Bauer, S. H., J. Chem. Phys. 18, 13 
(1950). 

31. Hassel, 0. and Viervoll, H., Acta Chem. Scand. 1, 1I4.9 
( 19^7 ). 

32. Karle, I. L. and Karle, J., J. Chem. Phys. 1%, 1052 
(1949). 

33* Karle, J. and Karle, I. L., J. Chem. Phys. 18, 957 
(1950). 

34« Karle, J. and Karle, I. L., J. Chem. Phys. 18, 963 
(1950). 

35. Bartell, L. S., Brockway, L. 0., and Schwendeman, J. Chem. 
Phys. 21, 1854 (1955). 

36. Bartell, L. S., and Brockway, L. 0,, Nature 171, 978 
(1953). 

37• Bartell, L. S., and Brockway, L. 0., J. Chem. Phys. 23, 
i860 (1955). 



www.manaraa.com

?6 

Brockway, L. 0. and Bartell, L. S., Rev. Sci. Instr. 25, 
569 <19510. 

Bartell, L. S., and Brockway, L. 0., J. Appl. Phys. 2k, 
656 (1953). 

Bartell, L. S. and Brockway, L. 0., Phys. Rev. 90, 833 
(1953)• 

Morino, Y., Kuchitsu, K., and Shimanouchi, T., J. Chem. 
Phys. 20, 726 (1952). 

Morino, Y., Kuchitsu, K., Takahashi, A., and Maeda, K., 
J. Chem. Phys. 21, 1927 (1953). 

Schomaker, V. and Glauber, R., Nature 170, 291 (1952). 

Schomaker, V. and Glauber, R., Phys. Rev. 8g, 667 (1953) 

Bartell, L. S., J. Chem. Phys. 2£, 1219 (1955). 

Morino, Y. and Hirota, E., Tokyo, Japan. On hindered 
rotation in molecules by electron diffraction. Private 
communication. 1957• 

Swick, D. A., Karle, I. L., and Karle, J., J. Chem. Phys 
22, 12^2 (1954). 

Swick, D. A. and Karle, I. L., J. Chem. Phys. 23, li|-99 
(1955). 

Ibers, J. A. and Hoerni, J. A., Acta Cryst. %, 4^5 
(1954). 

Hoerni, J. A. and Ibers, J. A., Phys. Rev. 91, 1182 
(1953). 

Hoerni, J. A., Phys. Rev. 102, 1530 (1956). 

Mott, N. F. and Massey, H. S. W., "The Theory of Atomic 
Collisions", Oxford University Press, London, England, 
1949. 

Morse, P. M. and Feshbach, H., "Methods of Theoretical 
Physics", Vol. 2, McGraw-Hill Book Co., Inc., New York, 
New York, 1953• 

Titchmarsh, E. L., "Introduction to the Theory of 
Fourier Integrals", Oxford University Press, London, 
England, 1937. 



www.manaraa.com

97 

55. Dirac, P. A. M., "Quantum Mechanics", Oxford University 
Press, London, England, 191+7• 

56. Anderson, Richard Eugene. The molecular structures of 
trifluoromethyl bromide, trifluoromethyl iodide, 
trifluoromethy1 cyanide, and trifluoromethyl sulfurpenta-
fluoride. Unpublished Ph.D. Thesis, University of 
Michigan Library (Ann Arbor, Michigan), 1956. 

57• Booth, A. D., "Numerical Methods", Butterworth 
Scientific Publications, London, England, 1955• 

58. Schwendeman, Richard Henry. A critical evaluation and 
improvement of the procedures for electron diffraction 
by gases and the determination of the molecular structures 
of carbon tetrachloride, trifluoroethane, me thy1tri-
fluorosilane, acetaldehyde, and trifluoroacetaldehyde. 
Unpublished Ph.D. Thesis. University of Michigan 
Library (Ann Arbor, Michigan), 1955• 

59 • Gallaway, W. S. and Barker, E. F., J. Chem. Phys. 10, 88 
(1942). 

60. Badger, R. M., Phys. Rev. 45, 648 (1934). 

61. Scheib, W. and Lueg, P., Z. Physik 8l, 764 ( 1933) • 

62. Coulson, C. A., "Valence", Clarendon Press, Oxford, 
England, 1952. 

63. Schomaker, V. and McHugh, J., Pasadena, Calif.: On the 
structures of propylene and isobutylene. Prevate com­
munication. 1956. 

64. Aston, J. G., Disc. Faraday Soc. 1951 No. 10, 73 • 

65. Wierl, R., Ann. Physik 1J, 453 (1932). 

66. Wierl, R., Ann. Physik 8, 521 (1931)• 

67. Mizushima, San-Ichiro, "Structure of Molecules and 
Internal Rotation", Academic Press, Inc., New York, New 
York, 1954. 

68. Wyckoff, Ralph W. G., "Crystal Structures", Vol. 2, Inter-
science Publishers, Inc., New York, New York, 1957• 

69. Smith, A. E., J. Chem. Phys. 21, 2229 (1953). 



www.manaraa.com

98 

70. Melaven, R. M. and Mack, E., J. Am. Chem. Co. Sit, 888 
(1932). 

71. Thompson, H. W., Trans. Faraday Soc. 697 (1939). 

72. LI de, D. R. and Mann, D. E., J. Chem. Phys. 27, 868 
(1957). 

73* Kilb, R. W., Chun, C. L., and Wilson, E. B., J. Chem. 
Phys. 26, 1695 (1957). 

lb* Goldish, E., Hedberg, K., Schomaker, V., J. Am. Chem. 
Soc. 78, 27llj. (1956). 

75• Shearer, H. M. M., and Vand, V., Acta Cryst. 9* 379 
(1956). 



www.manaraa.com

99 

VIII. ACKNOWLEDGMENTS 

I wish to thank Professor L. S. Bartell for his 

valuable instruction, help and advice given during the course 

of this research. 

For the use of the electron diffraction unit I would 

like to thank Professor L. 0. Brockway of the University of 

Michigan. 

For their helpful suggestions, I would like to thank 

Professor B. C. Carlson, Mr. Robert Fitzwater and Mr. Robert 

White. 

I would like to thank the donors to the Petroleum 

Research Fund administered by the American Chemical Society 

for supporting this research. 

For their help with some of the calculations I would like 

to thank Miss N. Carlson, Mr. G. Ferguson, Miss E. Bortle and 

Mr. D. Kohl. 

I wish to thank my wife for her help with the calcula­

tions and for her moral support throughout the study. 

And finally I want to thank Mrs. H. F. Holleribeck for 

typing the rough draft of the thesis. 



www.manaraa.com

100 

IX. APPENDIX A: THEORETICAL INTENSITY 

PROGRAM FOR ELECTRON DIFFRACTION OF GASES 

A. Mathematical Method 

This program evaluates the functions 

-Aj TT2q2/200 
M(q) — ZL (Zi-Fi(q) HZ^-F^q) )e sin 211 qrjj/ 

i3 20 

(Zk-Fk(cl))2 + S%(q)j TTqrij/10 

and 

/ -/ij lï q /200 2 
M(q)c = ̂  Zj^Zje sin 2IIqrij/Z. (Zk +Zk)TTqr^/lO 

lj — k 

Here the F(q) terms are the X-ray atom form factors for co­

herent scattering, and the S(q) terms are the X-ray atom form 

factors for incoherent scattering. The Z's are the atomic 

numbers of the atoms involved, and the prime on the summation 

indicates that terms for which i= j are not included. It 

should be noted that jj is the root-mean-square amplitude 

of vibration and r^j is the internuclear separation for the 

jLjth atom pair. Also, q is the scattering variable defined 

as j+O sin (0/2)/A where A is the wave length of the in­

cident beam and 9 is the scattering angle. 

The form factors are obtained from a stored table, and 

the functions are computed from the Hasting's approximations 
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-i,iin2q2/200 2 9 P 2 
e J = /2ïï//b0+x (bg+x (b^+x (b^+xbg)))J 

where x = /±J. TT q/10, bQ=2.5H26l, b2=l.172801, b^=.lt-9l|.6l8, 

b^= -.063I4.I7, and bg= .029i|.6l; and 

sin (Tï/2) (qr^ j/5) = x/c'1+x2( c^+c^x2) J7 

where x=qrij/5, c^l.5706268, Cy= -»6i}.32292, and c^=.0727102. 

As output data, both M(q) and M(q)c are obtained as well 

as M(q)c-M(q) and <^/~(Zk-Fk(q) )2+Sk(q)_7/q. This last 

qûantity is proportional to the theoretical background after 

the intensity has been modified by a q3 sector and is useful 

as a guide in drawing the theoretical background. The quan­

tity M(q)c-M(q) may be added to the experimental M(q) curve 

to correct the data to pure nuclear scattering. 

B. Range and Accuracy 

This program used fixed decimal arithmetic and allows 

for five significant figures in all calculations. The func­

tion M(q) may be computed to q=100 while M(q)c may be 

computed to q=200 or larger if desired. It should be noted 

that there are no restrictions on the size of the r^j terms, 

butj must be less than ,i|.72A0. 
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C. Storage 

There are five hundred words of storage for the F(q) 

values and five hundred words of storage for the S(q) values. 

The F( q) and S(q) values are stored in order of increasing 

atomic number : Fj(q) in 0-99, S^Cq) in 500-599» in 

100-199, Sg(q) in 600-699» etc. (The form factors re­

ferring to the atom with the smallest atomic number are 

stored in O-99, and the code number used for the initial 

value of Fj(q) is one. The code number for the initial value 

of Fg(q) is two, etc.) These code numbers are used on the 

detail cards (see input-output) to indicate the initial 

storage locations of the F^(q) and Fj(q) values. The initial 

storage locations of the S^(q) and Sj(q) values are deter­

mined in the program from the value given for the location 

of the F^(q) and Fj(q) values. 

D. Speed 

The program, on the average, takes sixty-nine seconds to 

compute one term of the primed summations for one hundred 

values of q. For a molecule with fifteen distances, the 

program takes seventeen and one-half minutes to complete the 

calculation for one hundred q values. 

E. Equipment 

The basic I.B.M. 650 digital computer with no special 
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attachments and two thousand words of drum storage is re­

quired. 

P. Error Checks 

There are no built-in error checks. A plot of the func­

tion will generally reveal any serious machine error. 

G. Input-Output 

The format of input and output cards is discussed in de­

tail under "Detailed Operating InstructionsInput consists 

of one control card indicating the number of terms in the 

primed and unprimed summations plus the atomic number and 

multiplicity of each kind of atom present in the molecule. 

After this control card, there follows one detail card for 

each primed sum term. Each of these cards contains the ̂ ^ j 

and r^j values for the term as well as the locations of the 

initial F^(q) and Fj(q) values. The detail card also has 2^, 

Zj, and the multiplicity of the term (e.g. the number of times 

the ijth and j-th atom pairs occur in the molecule). The out­

put cards have M(q)c, M(q), M(q)c-M(q), q, and 

/CZk-Fk(q))2+Sk(qi7/q for two different values of q on 

each card. 
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H. Detailed Operating Instructions 

Card formats 

( 1) Control Card Format 

Word Information 

1 No. of atoms of atomic no. Z^; 
atomic no. Z^ 

Decimal Form 

ooxxx ooxxx 

2 No. of atoms of atomic no. Z^; ooxxx ooxxx 

3 

k 

5 

6 

7 

atomic no. Z^ 

No. of atoms of atomic no. Z 
atomic no. Z, 

i> 

No. of atoms of atomic no. Z^; 
atomic no. Z^ 

No. of atoms of atomic no. Z 
atomic no. Z^ 

No. of atoms of differing 
atomic numbers 

No. of different distances 
in the molecule 

i > 

ooxxx ooxxx 

ooxxx ooxxx 

ooxxx ooxxx 

ooooo oooox 

ooooo oooxx 

(2) Detail Card Format 

Word Information Decimal Form 

r. 

Notes 

Should 
be in 
order of 
increas­
ing 
atomic 
number. 

Limit 
of 5 

Limit 
of 15 

1 

2 

3 

it-

5 

6 

7 

value ij 

j value 

Code no. of F^(s) 

Code no. Fj(s) 

Z^, atomic no. 

Zj, atomic no. 

Mj[j, the multipli­

city of the ijth 
atom pair 

oooooxx.xxx 

o.xxxoooooo 

oooxoooooo 

oooxoooooo 

ooxxx.ooooo 

ooxxx.ooooo 

Notes 

No restrictions 

Max. limit of 0.1|_72 

1-5 (Note that F 
values are stored in 
order of increasing Z) 
See Storage. 

No restriction 

No restriction 

oooooooooxx No restriction 
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(3) Output Card Format 

Word Information Decimal Form 

1 M(qi)c ox.xxxxxxxx 

2 M(q2) ox.xxxxxxxx 

3 M(qi)c-M(qx) ox.xxxxxxxx 

Sl and £ I CZk-Pk(ql))2+Skt'1l)} XXX xx.xxxxx 

5 M(q2)c ox.xxxxxxxx 

6 M(q2) ox.xxxxxxxx 

7 M(q2)c-M(q2) ox.xxxxxxxx 

8 q2 and ̂  ̂ (Zk-Fk q̂2^ +sk q̂2^J XXX xx.xxxxx 

(!}.) Form Factor Card Format 

Word Information Decimal Form 

1 Location of F^(qj) or S^(qj) 2i|_ oxxx 1990 

2 F^q-j^ or S^(q^) oooxx.xxxxx 

3 Location of F^(q2) or Si(q2) 2)4. OXXX 1991 

k F±(q2) or S^(q2) 000 XX.XXXXX 

5 Location of Fj^(q^) or S^(q^) 2l+ OXXX 1992 

6 Pi(q^) or S±(q3) OOOXX.XXXXX 

7 Location of F^(qj^) or Sj_(q^) 2i|. OXXX 1993 

8 ^(q^) ^(%) OOOXX.XXXXX 

Note that it takes twenty-five cards for a table of coherent 

factors and twenty-five cards for a table of incoherent 

factors for each atom of different atomic number. 
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I. Operating Procedure 

The console is set at 70 1201 1Ç70. The overflow sense 

switch is set at sense, and all other switches are placed in 

position for normal operation. The first two cards of the 

program deck are drum clear cards, which set the entire 

contents of the drum to minus zeros. Of the last four cards 

of the program deck two are used and two are separated from 

the deck depending upon the range of q to be calculated. 

The cards marked q=100 and q=101 are retained at the end of 

the program deck if the theoretical curves are to be run out 

to q=100, and the cards marked q=200 and q=201 are retained 

if the curves are run out to q=200. The detail cards are 

placed after the complete program deck. The detail control 

card is first, followed by the detail cards for the primed 

summation terms. The program is written for continuous opera­

tion so that as many decks or detail cards as desired may be 

run. One set of molecular intensity curves is calculated for 

each detail control card. If a detail control card is fed in 

without being followed by detail cards, the program will still 

compute the function 

Z ZTZk-Fk( q ) )2 -Sk( q)J/q. 

It should be noted that the deck of F(q) and S(q) values, 

which are part of the program deck, must be prepared from 

tables. The program requires one hundred values of F(q) at 
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integral q values and one hundred values of S(q) at 

integral q values for each different atom in the molecule. 

The control panel wiring is "straight in-straight out" 

and if a board is not available the I.B.M. 650 manual should 

be consulted for the wiring information. 

The detailed program instructions may be obtained from 

Dr. L. S. Bartell, Chemistry Department, Iowa State College, 

Ames, Iowa. 
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PLOW DIAGRAM OF THEORETICAL INTENSITY PROGRAM 
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No 
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No 

7 Rd Detail Cards 
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i/2:ZRZK-J?k(q))2 + 
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> r 
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Z,Z, and (Zt-F.,(q)) 
-L J X 

(Zj-Fj(q)) 

t 
Computes 

e-$i-j2TT2q2/200 sin 

2NQRÎ /QRI5/LO 

> r 
Sums 

M(q) and M(q)c 
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X. APPENDIX B: RADIAL DISTRIBUTION PROGRAM 

FOR ELECTRON DIFFRACTION OF GASES 

A. Description 

In the sector microphotometer method of electron diffrac­

tion the rotating sector modifies the intensity of the scat­

tered electrons received by the photographic plate in such a 

way as to level the precipitous fall off of intensity with 

scattering angle. This makes it possible to keep the 

exposure over the plate within the optimum range of response 

of the emulsion and thereby permits relative intensities of 

diffraction features to be measured objectively by micro-

photometry. 

The molecular scattering function is defined by the 

relation 

M(s) = (Ir/B) - 1 , 

where M(s) is the molecular scattering function, Ir is the 

experimentally measured intensity, and B is a background func­

tion evenly cleaving the sinusoidal molecular features that 

must obey two restrictions : It must be smooth so that no 

false peaks in the radial distribution function are intro­

duced by inversion of the B function, and it must be drawn so 

that the radial distribution function is nowhere negative. 

A radial distribution program was coded for the I.B.M. 

650 with modifications to aid in the determination of a B 
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function compatible with the restrictions. The program 

computes the Fourier integral 

f(r) = f max e bS sM(s) sin(sr)ds , 
J o c 

where, provided smax and b are sufficiently large 

1/2 2 
f (r ) = ( 2/TI) ( n/l6b ) (2> Z±Z Zk+Zk) 

ij 0 k 

~+ ̂ -1 , x -(r -Z3)2 
/* ij^ 'e d/» 

Here P±^p) is the probability function of the distribution 

of distances between the ith and j**1 atoms, the Z ' s are the 

atomic numbers of the atoms, and s is the scattering 

variable 

s = (lj.1T/A ) sin (6/2) 

where X is the electron wavelength and 0 is the scattering 

angle. 

When experimental data are obtained only over the range 

s=3 to s=30, it is advantageous to use a damping function to 

minimize series termination errors and to use theoretical 

M(s)c values from s=0 to s=3. The theoretical values are 

calculated from the well known equation 

t 2 i2s2/2 
M(s)c = (2E, ZjZj/gT, Zk+Zk)e 3 sin sr^/sr^ j 
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and a damping factor is inserted into the integral expression 

such that 

s = 30. In the program allowance is made for use of an 

arbitrarily chosen damping factor in order to weight the ex­

perimental intensities in the best possible manner. An 

arbitrary number of theoretical M(s)c values may also be 

chosen. This makes it possible to invert a complete theoret­

ical model, which can sometimes be a help in interpretation 

of radial distribution functions. 

The program uses Ir and B values to compute M(s), 

which is the experimental molecular scattering function 

arising from screened nuclear scattering. M(s) must be cor­

rected to the pure nuclear scattering function, M(s)c. This 

is done by adding to M(s) the theoretically computed correc­

tion function 

o 
ds 

where b is a constant determined so that e = 0.1, when 

M(s)c - M(s) 

( e 
- £ A  S 2 / 2  

sin srij/srij) 

where F^( s) is the coherent X-ray atom form factor of the j**1 
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atom and Sk(s) is the incoherent X-ray atom form factor of 

the k 1̂ atom. 

As an aid in choosing the best background function, the 

program takes f(r) values from r=0 to any arbitrarily selected 

distance, r^, up to 2.5 A° and performs a Fourier inversion 

on them. The Fourier integral for this case is 

where r^ is chosen to be at smaller r than the first molec­

ular feature appearing in the f(r) function. Inversion of 

f(r) values out to this feature indicates what changes in the 

background are necessary to smooth the base line of the 

initial part of the f(r) curve. If a smooth curve is drawn 

through the indicated changes, it is often observed that im­

provements occur also in other parts of the f(r) function. 

A negative region at large values of r in the f(r) 

function can generally be removed by changes in the index of 

resolution of the theoretical data. In the program an 

assumed index of resolution is multiplied by the theoretical 

M(s)c that is used at small scattering values and also by the 

correction applied to M(s) to reduce it to pure nuclear 

scattering. This index of resolution is varied until an ac­

ceptable f(r) function is obtained. 

If data are obtained at two different distances, there 

is then the additional problem of what to do about over­

o 
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lapping data. In the present program no attempt is made to 

weight the overlapping data. Instead, the data from one 

distance are used to the center of the overlap region, and 

from here, the data from the other distance are used. This 

is justifiable since the B function is essentially 

arbitrary over the first few s values and the last few s 

values for any distance. The question of differing indices 

of resolution for different camera distances is left until 

later refinement. 

Since the data and background, even using current tech­

niques, are essentially arbitrary out to s=5, the reliability 

of any molecular parameters at large distances must be tested. 

To do this, the M(s)c values out to s=5 are inverted, and the 

features at large distances in this inversion are compared to 

the molecular features to determine the sensitivity of 

derived features to arbitrary choices made in M(s)c at small 

s. 

The advantage in using the radial distribution method 

over the correlation method is that an f(r) function with a 

noise level of about of the maximum value of the function 

can be obtained in four iterations. For a molecule with a 

largest distance of about 6A°, this takes approximately three 

fourths of an hour of machine time. In comparison, the time 

needed to obtain one theoretical model for the correlation 

method for a molecule with fifteen distances is twenty minutes 
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of machine time. 

As an added advantage, the program can be made to give 

the M(s) and M( s ) c values whenever they are desired. 

B. Mathematical Method 

The program approximates the Fourier integral 

eti 

f(r) = J sM(s) sin (sr) ds 
o 

by the sum 

2 N 
f(r) = IT /100 ̂  q M(q)sin (2îï qr/20) Aq 

q=i 

where s=TIq/lO and A q=l. The function f (r) is evaluated at 

.05A° intervals from zero to 10A°. Since f(r) is periodic 

with a wave length of 20A°, it is not possible to go further 

than 10A°. 

For the computation of f(r) the argument of the sine is 

rewritten in the form 2TT n( .0025) where n is any integer. 

It should be noted that r can be written as n( .05) where n 

is an integer; and since q is also an integer, the product 

qn is also an integer. The sums involved in the integral ap­

proximation are written out to the first few terms below: 

f( .05)=n/50(M(l)sin 2TT/f.002517+ 2M( 2 ) sin 2Tï/2( .002517 

+3M(3)sin 2Tl/3( .002517 +* * ') 

f( .10)=TT/50(M(l)sin 2TT/2( .002517+ 2M(2)sin 2TT^( .002517 

+ 3M(3) sin 2IT /E{ .002517+* ' • ) 
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f(.l5)= ïï/50(M(l)sin 2n/3(  .002517+ 2M(2) sin 2IT/5( .0025J_7 

+ 3M(3) sin 2TT/9(-0025J7+• « 

The complete calculation is represented in matrix nota­

tion as 

where the sine matrix is completely characterized by the value 

of n in the sine argument. 

It is faster to compute the sums one term at a time 

rather than one f(r) value at a time. This is done by 

computing an M(q)c value and then multiplying it by the proper 

set of s3 js, adding each answer to its proper f(r) summation. 

To do this, the program uses a sine table evaluated at 2T7 

( .0025) radian intervals from zero to 2IT. Thus the first 

intensity is multiplied by successive sine values starting at 

the first; the second intensity is multiplied by two and then 

every other sine value starting at the second. This process 

is continued until all the sums are evaluated. When a value 

of the sine goes out of the zero to 2IT limit, the program 

f(r) = AqM(q) 

or 

1 2 3 if- 5 6 . 
2 k 6 8 10 12 . 
3 6 9 12 15 18 . 
k 8 12 16 20 2k . 
5 io 15 20 25 30 . 
6 12 18 2k 30 36 . 
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senses this and reduces the sine to its proper value in the 

table. 

C. Range and Accuracy 

All of the computation is performed in fixed decimal 

form. Decimal points on input and output data are given in 

the discussion of operating instructions. 

If a theoretical M(s)c function for a diatomic molecule 

is inverted by this program, the center of the resultant f(r) 

peak is accurate to better than one part per ten thousand. 

The sine table is exact to about six decimal places but is 

smooth to eight. 

To test the error in the integration, a finer subdivision 

than q = 1 was chosen using experimental intensity data 

for ethylene. When a value of 1/2 was used for /\q the 

resultant values of the f(r) function deviated by no more 

than 0.3% from the corresponding values for the = 1 

integration. In this process it was found that corresponding 

peak maxima in the two f(r) functions differed by no more 

than three ten thousandths of an angstrom. 

D. Storage 

Storage space is available for two hundred f(r) values 

(10 A°), two hundred B values, fifty f(r) values for reinver-

sion up to 2.5A°, and one hundred modification function 
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values• Some additional storage space at scattered addresses 

on the drum is available for modifications. 

E. Speed 

The program takes about thirteen seconds per M(q) value 

when evaluating the f(r) function to 10A°. The total times to 

compute f(r) functions out to various r values are eight 

minutes for 3.20A°, eleven minutes for 5«2A°, seventeen 

minutes for 8.00A°, and twenty three minutes for 10.00A°. 

P. Equipment 

A standard IBM 650 computer with a two thousand word 

magnetic drum is required. No special accessories are needed. 

G-. Error Checks 

There are no programmed error checks, but any mistake of 

a serious nature would probably show up as an undamped sine 

function running through the f(r) function. 

H. Input-Output 

Input consists of one special card indicating the number 

of r values at which the f(r) function is to be evaluated, 

the number of theoretical M(q)c values to be grafted onto the 

experimental data, the total number of M(q)c values used, the 

index of resolution, the number of f(r) values between the 
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origin and the beginning of the first molecular feature, and 

the number of background values to be modified. Each remain­

ing input card contains q - the scattering variable, B - the 

background value (or 1.00000 if M(q)c is a theoretical value), 

2 
a modification function - usually of the form e " ( or 

unity if no modification function is used),(M(q)c - M(q)) -

the constant coefficient correction (or left blank for 

M(q)c theoretical values), and either the M(q)c theoretical 

value or the experimental I(sector) value• 

The radial distribution output cards have eight r and 

eight f(r) values per card, and the new background cards have 

eight q and eight B values per card. 

If there are two control cards in the program deck that 

are optional. If they are put on the back of the program 

deck, the M(q)c and M(q) values are punched out, one of each 

per answer card. The punching out of M(q)c and M(q) does not 

take additional time, but these values are not particularly 

useful until the f(r) function is reasonably good. 

I. Detailed Operating Instructions 

1. Input cards 

The first detail card is punched as follows : 
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Word Information Decimal Form Notes 

1 No. of r values 

2 No. of M(q) values 

3 No. of theoretical M(q) 
values 

1+ % resolution 

5 No. of f(r) values to 
reinvert 

6 No. of background 

values 

oooxxxoooo 

oooooooxxx 

oooooooxxx 

oooooox,xxx 

ooooooooxx 

oooooooxxx 

Multiple of 8 

No restriction 

No restriction 

0 - 100 

0 - 5 0  

Multiple of 8 

For each M(q) value a detail card must be made as 

follows : 

Word 

1 

2 

5 

6 

8 

or 

8 

Information 

q, scattering variable 

B, background values 

2 
e~ * q , modification 

function 

M(q) - M(q), constant 

coefficient correction 

M(q)T, theoretical 

intensity data 

I, experimental 
intensity 

Decimal Form 

oooooooxxx 

OOOXX.XXXXX 

ox.xxxxxxxx 

x.xxxxxoooo 

Notes 

Integral values 

5 decimal places 

x.xxxxooooo Arbitrary 

From theoret, 

model 

From theoret, 

model 

oooxx.xxxxx 5 decimal places 

2. Output cards 

There are three types of output cards : the output of 

the radial distribution function, the output of the new back-
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ground, and the M(q)c and M(q) values. Formats for these are 

listed below. 

(1) Radial Distribution Output 

Word 

1 

Information 

r%, f(rx) 
r 
x.xx 

Decimal Form 
f(r) 

xx.xxxxx 

2 r2,f(r2) x.xx xx.xxxxx 

3 Ty f(r^) x.xx xx.xxxxx 

k Tbf f(r^) x.xx xx.xxxxx 

5 r5' f (r^) x.xx xx.xxxxx 

6 f(r6) x.xx xx.xxxxx 

7 r7, f(r7) x.xx xx.xxxxx 

8 VQ> f(i*8) x.xx xx.xxxxx 

(2) New Background Output 

Word Information 
q 

Decimal Form 
B(q) 

1 qi, B(q%) XXX xx.xxxxx 

2 q2» B( q2 ) XXX xx.xxxxx 

3 q3, B(q^) XXX xx.xxxxx 

k qj^.» 8(94.) XXX xx.xxxxx 

5 q5, B(q5) XXX xx.xxxxx 

6 B(qô) XXX xx.xxxxx 

7 q
7, B(q?) XXX xx.xxxxx 

8 qs> B(qg) XXX xx.xxxxx 
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(3) M(q)c and M(q) Output 

Word Information Decimal Form 

1 

2 

M(q)c 

M(q) x.xxxxxxxxx 

X.xxxxxxxxx 

J. Operating Procedure 

The console is set at fO 1201 1951. Sense switches are 

set at stop, and other switches are at normal operating 

positions. The first two cards in the program deck are drum 

clear cards that clear the entire drum to minus zeros. The 

last two cards of the program deck determine whether or not 

the M(q) and M(q)c values are to be punched out. Following 

this, is the first detail card, which is the control card. 

The detail cards for the intensities follow next. It should 

be noted that any number of decks of detail cards, each 

preceded by its own control card, may be placed in the card 

feed hopper. This is possible since the program, on finish­

ing one calculation, resets itself ; and if there are cards in 

the feed hopper, it will start a new calculation. When the 

last card has been calculated, "end of file" is depressed. 

The computer will stop with the input-output light on. The 

control panel wiring is the so called "Straight in-straight 

out" wiring, and if a "straight in-straight out" board is not 

available, the IBM 650 manual for wiring instructions should 

be consulted. 
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The detailed program instructions may be obtained from 

Dr. L. S. Bartell, Chemistry Department, Iowa State College, 

Ames, Iowa. 

FLOW DIAGRAM OF RADIAL DISTRIBUTION 
PROGRAM 

Radial 
Distribution 

Background 

Inversion 

Punch 

Punch 

Reset 

Routine 

Test for 

Punch 

Test for 

Punch 

Reset 

Routine 

Outer 

Loop 
Cale, f(r) 

Outer 

Loop 
Cale. qM(q) 

Inner 

Loop 
Sine Look Up 

Inner 

Loop 
Sine Look Up 



www.manaraa.com

XI. APPENDIX G: REFINED ARBITRARY 

SECTION PROGRAM FOR THE RADIAL DISTRIBUTION FUNCTION 

A. Mathematical Method 

This program is essentially the same as the one des­

cribed in Appendix B in the way that the calculation of the 

f(r) function is set up. It differs in that the f(r) func­

tion may be evaluated between arbitrary limits in the range 

r=o to r=10 angstroms and is evaluated at finer intervals 

than in the previous program. The f(r) function is normally 

evaluated by this program at .025 angstrom intervals. To do 

this, the same input data that are used in the regular radial 

distribution program are used as input data in this program 

except that a new detail control card must be made. 

If it is desired to approximate the integration by a 

summation with q smaller than one, the M(q) experimental 

curve may be read at half q intervals and the f(r) function 

started at .05 angstroms or a multiple of .05 angstroms. In 

this way the f(r) function is evaluated only at .05 angstrom 

intervals but uses twice as many values of M(q). This change 

in the choice of q also allows the f(r) function to be 

evaluated out to 20 angstroms. It should be noted, however, 

that this f(r) function must be divided by four to be placed 

on an absolute scale. 

The f(r) values obtained by the above scheme with experi­
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mental data for ethylene agreed with f(r) values obtained 

from the regular program within 0.3 per cent in absolute 

value. Also the maxima of f(r) peaks computed by the two 

methods of integration agreed to three ten thousands 

of an angstrom unit. A more rigorous test of the approxi­

mations of the integral by the summations would involve the 

use of synthetic intensity data. 

For a detailed discussion of the mathematical method 

the reader is referred to Appendix B. The arbitrary section 

program differs from the one cited only in that it does not 

have a background modification and it uses a sine table of 

eight hundred values rather than four hundred values. 

B. Range and Accuracy 

All the computation is performed in fixed decimal form. 

Decimal points on input and output data are given in the 

discussion on operating instructions. 

The sine values used in this program were calculated 

using the Bell Lab interpretive routine and are accurate to 

eight places. The f(r) function calculated with A q equal 

to one has the same errors as the f(r) function calculated 

in the normal radial distribution function. Also the func­

tion f(r) may be calculated over any region from zero to ten 

or zero to twenty angstroms depending on whether A q is one 
or one half. 



www.manaraa.com

125 

C. Storage 

There is sufficient storage space to evaluate f(r) over 

the complete zero to ten or zero to twenty angstrom range. 

There is also some additional unused storage space for 

modifications. 

D. Speed 

The program takes about ten minutes to evaluate the f(r) 

function over a three angstrom section. 

E. Equipment 

A standard IBM 650 computer with a two thousand word 

magnetic drum is required. No special accessories are neces­

sary. 

F. Error Checks 

There are no programmed error checks, but any mistake of 

a serious nature would probably show up as an undamped sine 

function running through the f(r) function. 

G. Input-Output 

Input consists of one special control card followed by a 

detail card for each M(q) value. 

The output cards have eight r and eight f(r) values 

per card. A detailed account of input and output cards 
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H. Detailed Operating Instructions 

The first detail card is punched as follows: 

Word Information Decimal Form Notes 

1 Initial r value 

2 Number of M(q) values 

3 Number of r values 

If. Number of M(q)^ values 

5 Index of resolution 

x.xxooooooo Multiple of .025 

oooooooxxx No restriction 

ooxxxxoooo Multiple of 8 
added to 1399 

oooooooxxx No restriction 

oooooox.xxx 0-1.00 

For each M(q) value a detail card must be made as fol­

lows: 

Word 

1 

2 

5 

Information Decimal Form Notes 

q, scattering variable 

B, background values 
- o<. q2 
e , modification 
function 

M(q)ç, - M(q), constant 
coefficient correction 

8 M(q)^,, theoretical 
intensity data 

oooooooxxx Integral values 

oooxx.xxxxx 5 decimal places 

x.xxxxooooo Arbitrary 

From theoret. 
ox.xxxxxxxx model 

From theoret. 
x.xxxxxoooo model 

or 

8 I, experimental intensity oooxx.xxxxx 5 decimal places 
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I. Output Cards 

The radial distribution output cards are as follows : 

Word Information Decimal Form 

1 rlt f(rx) r f(r) 

2 rg, f(rg) x.xxx x.xxxxx 

3 1*3» f(r^) x.xxx x.xxxxx 

I4- r|^, f(r^) x.xxx x.xxxxx 

5 r^, f(r^) x.xxx x.xxxxx 

6 r£, f(r^) x.xxx x.xxxxx 

7 ry, f(ry) x.xxx x.xxxxx 

8 rg, f(rg) x.xxx x.xxxxx 

J. Operating Procedure 

The console is set at 70 1201 0800. Sense switches 

are set at stop, and other switches are at normal operating 

positions. The program deck is followed by a control card 

and then the detail card deck. It should be noted that any 

number of decks of detail cards, each preceded by its own 

control card, may be placed in the card feed hopper. This is 

possible since the program, on finishing one calculation, 

resets itself; and if there are cards in the feed hopper, it 

will start a new calculation. When the last card has been 

calculated, "end of file" is depressed. The computer will 

stop with the input-output light on. The control panel wiring 

is the so called "straight in-straight out" wiring, and if a 
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"straight in-straight out" board is not available, the IBM 

650 manual for wiring instructions should be consulted. 

The detailed program instructions may be obtained from 

Dr. L. S. Barte11, Chemistry Department, Iowa State College, 

Ames, Iowa. 

Flow Diagram of Radial Distribution Program 

Punch Test for 

punch 

Inner 
Loop 

(Sine Look up) 

Reset 
Routine 

Outer 
Loop 

(Computes qM(q) ) 
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XII. APPENDIX D: ANALYSIS OF RADIAL DISTRIBUTION CURVES BY 

THE METHOD OF STEEPEST ASCENTS 

A. Description 

If the rough structure of a molecule is known, then the 

problem of analyzing the parts of the radial distribution 

curve which are independent of internal rotation, may be 

solved by finding the calculated radial distribution function 

which comes closest to matching the experimental one. One 

method of accomplishing this is to determine the parameters 

for a calculated function minimizing the sum of the squares of 

the differences between the experimental f(r)exp function and 

the calculated one at points close enough to characterize the 

shapes of both. The parameters, 9^, upon which the calculated 

f(r, 9j.)calc function depends are the Jl j_ j or root mean square 

amplitudes of vibration, the rjj or average internuclear dis­

tances, and k, a scale factor relating the amplitude of the 

experimental f(r)^%.p function to that of the calculated 

f(r, )calc function. It will be assumed that the experi­

mental f(r)eXp function can, in general, be characterized by 

a sum of Gaussian P^j(r) peaks. Often, it is possible to 

characterize the asymmetry of individual peaks from theoret­

ical considerations and, accordingly, to make corrections and 

reduce them to Gaussian functions. It should be pointed out 

that the error in the Gaussian approximation is usually not 
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much greater than the uncertainty in the f(r)gXp function 

except for molecules in which internal rotations introduce 

conspicuous asymmetries. 

The problem may be stated mathematically as finding 

values of the 0^ for which the function 

Y<6V = -V2 2. <f(r)exp -f<r, e^^)2 

r 

has a maximum. The summation over r is taken in the present 

program of 0.025 angstrom intervals. Since Y(Q^) is a nega­

tive definite quadratic form, it will have an absolute 

maximum. In practice, if there occur subsidiary maxima or 

minima, the possibility exists that the method will break 

down. It will be assumed for this discussion that Y( 6^) has 

no subsidiary maxima or minima sufficiently close to the 

desired extremum to cause confusion. 

If a set of estimated parameters, 9^ (i=l, ...N), are 

available for a given f(r)Qxp function that are within ten 

percent or so of the parameters giving the best fit, we may 

set up an iterative process for improving the initial 

estimates. Consider the set of estimated parameters, 
o 

9^ (i=l, •..N). A new set of parameters can be chosen such 

that 

0* = e° + X ° t (1=1, ...N) , 

where the X i are the components of the gradient of Y(9^) 
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evaluated at the guesses and t is an arbitrary parameter. 

It can be shown that, unless the initial guesses are correct, 

there exist values of t for which the function Y(0^) is 

larger than Y( 0^) and that, as long as there is only one 

maximum in the vicinity of the 9^ (i=l, » «.N), the values of 

t leading to greater. Y(d^) are always positive. The value 

of t leading to a maximum in Y( 9^) is approximately given 

by the equation 

N 

t = MQ( o)/jg ( X i ^ f(r> e±) / à Q± ) > 
r 1=1 1 ix 

where 

<(°> • ̂  A°i® 

To show this, f(]P, 0^) is expanded in a Taylor's series expan­

sion to first powers in the parameter t so that 

N 

f(r, 0°i + X? t) = f (r, 9°i) + t ̂  A °i0 
1 i=l 

x ( à f(r, 0°j_) / ̂  9°i) 

This result is then substituted into the equation for Y(0"K ) 

and the value of t for which 

N 

Mq( t) = d/dt Y(0^) = \ °io \±1 = 0 

i—1 

is computed. The substitution 
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6i = ei° + X°io t (1=1, ...N) 

can be interpreted as a moire in the direction of steepest 

ascent in a hyperspace of N+l dimensions from the point 0^° 

(i=l, .•.N) on the line 

Y(0±) = Y(9?) 

to the point 0^ (i=l, ...N) on the line 

Y(©i) = -1/2 ̂  (f(r)exp-f(r, ©i)caic^2 • 

We can now set up an iterative procedure for finding the 

maximum by generalizing the above equations to 

N 

YC©/1*1) = Y(0?) + RL(O)2/2 ^ (25! X °, à f(r,0,*) 
x r i=l in 1 

/  à 9^) 2  

n+l n \ o 
and = 0, + t , 

xn 

where N 

Mn<°) = ̂  X°i„2 -
i=l 

This generalization corresponds to moving in the direction of 

steepest ascent on the surface Y(0^) from the point 0° 

(i=l, ...N) on the line determined by 

Y{9±) = Y(0°) (i=l, ...N) 
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i 
to the point 0j_ (i=l, . ..N) on the line determined by 

Y(9±) = Y(9^) (1=1, ...N) . 

Then, the next step is to move from the point 9^ (i=l, . ..N) 

on the line determined by 

Y(9±) = Y(6^) (i=l, ...N) 

along the surface Y(9^) in the direction of steepest ascent 

to the point 0^ (i=l, . ..N) on the line determined by 

Y(9±) = Y(92±) (1=1, ...N) 

and so on until the maximum is reached. At the maximum point, 

Y(9^) is not necessarily zero because of experimental and 

rounding errors, but the value of M^(o) cannot be improved. 

B. Computational Method 

In this particular application of the method of steepest 

ascents, t is left as an arbitrary parameter rather than 

chosen so that it maximizes a particular Y(9^). In operation, 

a set of tests is used to determine whether or not a particu­

lar value of t leads to an improved value of Y(9^). If it 

does, then the point determined by this value of t is used 

as a starting point for another ascent toward the maximum. 

This process, if continued, leads to the same maximum as out­

lined above. It is simpler mathematically since t does not 
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have to be computed but requires more iterations to converge 

to the maximum. 

The tests involved in determining whether or not a given 

value of t leads to an improvement in the function 

Mn+1(t) = Y(0? + \ln t) = YOj 1̂) 

are based on the assumption that in the neighborhood of the 

maximum the function M^-j^t) can be approximated by a straight 

line. At t = o, t) is given by the equation 

N 2. 

Mn+i(o) = \ ° > 0 . 
i=l •LX1 

Therefore, if a calculated value of M^^t) is greater than 

zero, then the value of t used is likely to be less than the 

value of t for which Mn+̂ (t) = 0. Thus, any value of t 

for which Mn+j_( t) ̂  0 leads to a new set of parameters for 

which the value of Y( ) is an improvement over the value 

of Y(0n̂ ). If, however, M +^(t) is less than zero and less 

in absolute magnitude than °) > the value of t used in 

computing is assumed to lead to a poorer value of 

Y( and a smaller t is chosen for a new ascent from the 

same starting point as used before. 

Whenever an improved value of Y(0^) is found, a new 

ascent is started from the point 0 n̂+̂  (i=l, ...N) on the line 

Y(0± ) = Y(0i) (i=l, ...N) . 
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The function to be maximized is now > but, in general, 

it is helpful to make a new choice of t. To aid in finding 

an improved value of ï(0^), a procedure for varying t is 

set up so that if M +̂2_( t) is greater than zero, then the t 

value for M +̂2(t) is chosen to be larger than the t value 

for m£+3_( t) and if 

then the t value of Mn+2( t) is chosen to have a smaller 

value than the t value in Mn+̂ (t). 

It is possible to include these tests in a program for 

digital computation such that the parameters, 9^, leading to 

a maximum value of Y(0^) can be computed automatically without 

further decisions by the operator once initial choices of t 

and the 9? values are made. The initial choice of t in the 

present program is obtained from the approximate relation 

t = k2/^L (f(r, e±))2 . 
r 

In this program the theoretical expression used for 

f(r, 0^) is given by the equation 

\ ^ -xiAb + 2*i 
f(r, 9^) = k ( c a/t A/2b + 1.) e J , 

j=l 2 

where k is .3909^4- times the index of resolution, Cj is 

( mklZk^l/ 1̂ (Zr2 + ̂ r^j * wixere mkl is the multiplicity of 
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the kl^ internuclear distance and the Z's are the atomic 

numbers, b is a damping factor, and xj is r-rj. The expres­

sions for the \ys are then 

x _ (r, 6.)calc 
Ajj- — ^2 ®i^calc^ ^ > 

(f(r)exp-f(r, ei)calc)(o./I'j \l7b + i/ ) 

2 -x.2Ab + 2f 2 
/Tx,/2b + jP,2)_i/r 7 e 3 J 

and 

H " kf (f(r,exp-f(r'6i)=al=,(c/rj 

ZTx12/./( 2b+i,2 )2) -i ,/2b+i £7 e"XJ2Ab+2^2 
J J 3 J J 

To program the method of steepest ascents for the I.B.M. 

650 digital computer, the Bell Laboratories interpretive 

routine was used. This routine allows the programmer to code 

the program sequentially and in floating decimal form but 

takes up half of the storage space on the drum leaving only 

one thousand words of storage for the steepest ascent program. 

C. Storage 

There is room for the resolution of up to twenty-five 

radial distribution peaks using up to three hundred and fifty 
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pieces of experimental data at .025 angstrom intervals. 

D. Range and Accuracy 

The Bell Laboratories interpretive routine uses an eight 

place floating decimal subroutine so that all numbers in the 

range 10to 10^ are represented by eight significant 

figures. It appears that the limiting value of M/(o) attain­

able in most problems lies in the range 1 to .5. This appears 

to be due to rounding errors in the calculation and also to 

experimental error in the data. Generally, at this point, 

the sum of the squares of the deviations is such that the 

average deviation per experimental point is about one per 

cent of the maximum value of the f(r) function in the range 

being fitted. An additional limitation appears to be due 

to the fact that peaks with small cj values are not sensitive 

to change in the presence of peaks with large cj values. 

E. Speed 

The program takes about one and one quarter hours to 

resolve three radial distribution peaks. This involves the 

computation of about seven sets of f(r) functions at thirty-

six or so experimental points. On the average, for thirty-

six experimental points the program takes three minutes per 

cycle for each radial distribution peak. 
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F. Equipment 

A standard I.B.M. 650 computer with a two thousand word 

magnetic drum is required. No special accessories are neces­

sary. 

G. Error Checks 

The Bell Laboratories interpretive routine has a number 

of programmed error stops. For the details, "I.B.M. Technical 

Newsletter No. 11" should be consulted. 

H. Input-Output 

Input consists of the experimental f(r) values at .025 

angstrom intervals, the initial value of r, and the guesses 

for the parameters to be fitted. The output consists of the 

calculated f(r) values for each iteration, the new parameters 

if desired, and the quantities M/(o), (f (r)QXp"f (r )Calc^ ' 

and t. 

I. Detailed Operating Instructions 

A normal mode of operation Bell Laboratories interpretive 

deck is used for this program. This deck is placed in the 

card feed hopper and followed by a drum clear card, which 

clears the half of the drum not used by the interpretive 

routine to zeros. Next the load cards for the steepest ascent 

program are placed in the card feed hopper. These cards 
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include the input cards mentioned above. The last card of the 

deck is a transfer card. 

For operation, the storage entry switches are set to 

70 1951 1331; and the address selection switches are set to 

1338. The programmed switch is put in the stop position, and 

the display switch is set to the upper accumulator. Next, 

the Bell Laboratories normal mode of operation deck, followed 

by drum clear card and steepest ascent program deck with trans­

fer card, is placed in the card feed hopper. The computer 

reset and program start switches are depressed in that order 

and the card feed started. The program will stop after the 

first set of f(r) values have been computed, and 1131 will be 

displayed on the address selection lights. At this point, 

the number 02020 /j?Q +§_J l60 should be dialed with the 

storage selection switches. The number % is an exponent 

which is compared with the exponent of M (o). If the M'(o) 

exponent is less than % , then the parameters used to compute 

M/(o) are punched out. After the exponent has been set, the 

program start switch is depressed, and the program runs until 

the test on the exponent is made. At this time, the program 

stops to display M/(o) in the storage entry lights and 1120 

in the address selection lights. A depression of the program 

start key causes the program to continue until an improved 

M/(o) has been calculated. For continuous operation, the 

programmed switch should be set to run after 02020 /j?Q + <f_J 
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l60 has been entered into storage. This is conveniently done 

at the second stop to display M (o). 

The board wiring is outlined in the "I.B.M. Technical 

Newsletter No. 11", and this source should be consulted to 

familiarize the operator with the interpretive routine. 

The detailed program instructions may be obtained from 

Dr. L. S. Barte11, Chemistry Department, Iowa State College, 

Ames, Iowa. 
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